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LOCALLY COHEN-MACAULAY SPACE CURVES DEFINED BY 
CUBIC EQUATIONS AND GLOBALLY GENERATED VECTOR 

BUNDLES 

CRISTIAN ANGHEL, lUSTIN COANDA AND NICOLAE MANOLACHE 


Abstract. Let E be a globally generated vector bundle on the projective 3-space, with 
Cl at least 4, which is not the quotient of a larger vector bundle by a trivial subbundle. 
We show that if E(—Ci -1-3) has a non-zero global section then, except for some cases that 
can be listed, E admits as a direct summand a line bundle of degree at least ci — 3. This 
reduces the problem of the classification of globally generated vector bundles with ci at 
most 7 on the projective 3-space to the case where the associated rank 2 reflexive sheaf 
is stable, a case which requires quite different methods. The proof uses the description 
of the monads of the ideal sheaves of all locally Cohen-Macaulay space curves defined 
by cubic equations. We then decide which of the bundles with the above mentioned 
properties extend to higher dimensional projective spaces. This part uses, among other 
things, a result of Barth and Ellencwajg [Lecture Notes Math. 683 (1978), Springer 
Verlag, 1-24] asserting the non-existence of stable rank 2 vector bundles on the projective 
4-space with ci = 0, C 2 = 3. We provide a different proof of this fact, based on a theorem 
of Mohan Kumar, Peterson and Rao [Manuscripta Math. 112 (2003), 183-189]. Finally, 
we recover quickly, using the previously mentioned results, the classification of globally 
generated vector bundles with ci = 4 on the projective n-space for n at least 4, which 
is part of the main result of our previous paper [arXiv:1305.3464 . We provide, in the 
appendices to the paper, graded free resolutions for the homogeneous ideals and for the 
graded structural algebras of all nonreduced locally Cohen-Macaulay space curves of 
degree at most 4. We use only a small part of the content of the appendices but we 
decided to give the complete list because it might be useful in some other contexts, too 
(compare with the papers of Nollet [Ann. Sci. Ecole Norm. Sup. (4) 30 (1997), 367-384] 
and of Nollet and Schlesinger [Compos. Math. 139 (2003), 169-196]). 
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Introduction 

Motivated, in part, by some geometric applications (cf., for example, the papers of 
Manivel and Mezzetti [22], Sierra and Ugaglia [22], Fania and Mezzetti [H], Huh [20]) the 
systematic study of globally generated vector bundles on projective spaces was initiated 
by Sierra and Ugaglia [33] who classified the bundles of this kind with the hrst Chern 
class Cl < 2. Then Ellia [13] determined the Chern classes of globally generated vector 
bundles on P^, Chiodera and Ellia [10] determined the Chern classes of the globally 
generated vector bundles of rank 2 on P^ with ci < 5, while Anghel and Manolache 
[2] and, independently. Sierra and Ugaglia [3l], classihed the globally generated vector 
bundles on P*^ with ci = 3. 

The present paper is a sequel to our work [5] , where we classihed the globally generated 
vector bundles on P” with ci = 4. We are here (mainly) concerned with the classihcation 
of globally generated vector bundles on P^. (From the point of view of the methods used 
in [3], this is a critical case: on one hand, the study of globally generated vector bundles 
on P^ presents some special features and may be treated separatedly. On the other hand, 
once one has a classihcation of globally generated vector bundles on P^ one can try to 
decide which of these bundles extend, as a globally generated vector bundle, to higher 
dimensional projective spaces. This approach has limited efficiency, but we are unaware 
of a direct method for studying globally generated bundles on P*^, n > 4.) One natural 
way to investigate this kind of bundles is to relate them to rank 2 rehexive sheaves, which 
were intensively studied. If U is a globally generated vector bundle on P^, of rank r and 
Chern classes q = Ci{E), i = 1, 2, 3, then r — 2 general global sections of E dehne an 
exact sequence: 

0 —^ (r - 2)^p — > E —^ 0 

where S" is a globally generated rank 2 rehexive sheaf with Ci{S’') = Ci, i = 1, 2, 3. The 
classihcation problem splits, now, into two cases : (1) S" stable; (2) S' non-stable. We 
are concerned, in this paper, with the latter case. Let denote the rehexive sheaf 

S' (— , which has the hrst Chern class either 0 or —1. Then S' is non-stable if and 

only if ^ 0 and this happens, of course, if and only if (U (— [^^])) 7^ 0. 
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Now, it is easy to show that if ci)) 7 ^ 0 then E ~ i^p(ci) © (r — l)^p (this is a 

particular case of a result of Sierra [3T]). Sierra and Ugaglia [Ml Prop. 2 . 2 ] (for ci = 3) 
and Anghel et ah [3l Prop. 2.4] (for ci > 2 ) described the globally generated vector 
bundles E with H°(E(—ci)) = 0 and H°(E(—ci + 1)) 7 ^ 0. Moreover, we described in [3l 
Prop. 2.9] the globally generated vector bundles with ci > 3, H°(i?(—ci + 1)) = 0 and 
H°(i?(—Cl + 2)) 7 ^ 0. These results suffice, already, to classify globally generated vector 
bundles on with Ci < 3 (see |3l Remark 2.12]). 

The main objective of the present paper is to classify globally generated vector bundles 
E on P^ with Ci > 4, H°(T^(—ci + 2)) = 0 and H°(i?(—ci + 3)) 7 ^ 0 (the similar problem on 
P^ has been settled in [31 Prop. 3.2]). The associated rank 2 reflexive sheaf S' introduced 
above satishes, also, the conditions H°(( 5 '(—Ci + 2)) = 0, H°(^'(—ci + 3)) 7 ^ 0, hence any 
non-zero global section of S'{—Ci + 3) dehnes an exact sequence: 

0 —^ ^p(ci - 3) —^ ^z(3) —^ 0 

with Z a locally Cohen-Macaulay (CM, for short) closed subscheme of P^, of pure codi¬ 
mension 2 , locally complete intersection (l.c.i., for short) except at hnitely many points, 
with globally generated. One deduces an exact sequence: 

(0.1) 0 —^ ^p(ci - 3) © (r - 2)^p ^E ^ J^z(3) 0 . 


Now, assume we know a Horrocks monad B* of =.^^(3), i.e., a three terms complex of 
sheaves: 


( 0 . 2 ) 


B-i d_^ ^0 


B^ 


0 


with the B's direct sums of invertible sheaves ^p(j), j G Z, such that ~ J^z(3) 

and J^'{B*) = 0 for z 7 ^ 0. Then there exists a morphism (0, i/j) : B~^ —)■ ^p(ci — 3) © 
(r — 2 )^P such that: 


/ 0 \ 

d-^ 

(0.3) 0 ^ B-^ -- —4 ^p(ci - 3) © © (r - 2)^p ^ B^ —^ 0 


is a monad for E. 

Thus, we are left with the problem of determining the monads of the ideal sheaves of 
locally CM space curves Z with globally generated. There are two ways to get 

such a monad. The first one is based on the observation that if; 



is a free resolution of the graded A-module H°(^^) := 0jgz H°(^^(z)) (here S is the 
projective coordinate ring k[xo,xi,X 2 ,X 3 ] of P^) then, removing the direct summand S 
of Lq corresponding to the generator 1 G H'^(S’z) of H°(^^) and sheahfying, one gets a 
monad for J^z ■ 



0 


0 . 
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The second way is based on a result, attributed by Peskine and Szpiro [29l Prop. 2.5] to 
D. Ferrand, asserting that if Z is linked to a curve Z' by a complete intersection of type 
(a, h) , if 


do 


d^ 


0 —y A 2 —^ Ai —A Aq —y ^z' —^ 0 
is a resolution of ^z’ with direct sums of invertible sheaves and if '0 : 
Aq is a morphism lifting 0’v{—a) © 0‘v{—h) —)■ ^z' then: 


5]p(—a) 




0 —; 

is a monad for J^z(a 


^0 


dX 


> ^p(a) © ^p( 6 ) © Al 


V (0 > *^2 ^ 


h). One can also see that, conversely, if 


0 


B-i d\^ ^0 




0 


is a monad for J^z and if p : ^p(—a) © ^p(— 6 ) —)■ 5° is a morphism lifting ^p(—a) © 
^p(— 6 ) —)■ ^z such that d° o p = 0 then there exists an exact sequence: 

pov 

0 ^ ^iv ^ov ^^ ^ ^-iv ^ 0 . 

Notice that if one applies the functor H°(—) to this exact sequence (twisted by —a — h) 
one gets a graded free resolution of the homogeneous ideal I{Z') C S' of Z'. 

Now, let d be the degree of such a curve Z. Of course, d < 9. The description of 
the possible monads for j 4(3) when d > 5, which we accomplish in Section [1] using the 
concrete descrition of the stable rank 2 reflexive sheaves on with ci = — 1 and C 2 < 2 
(due to Hartshorne [18], Hartshorne and Sols [19], Manolache [21], and Chang [9]), turns 
out to be easy. We determine, in Section [21 the monads of J^z(3) for d < 4, using a case 
by case analysis. We rely heavily, in this analysis, on the results from Appendix lAl where 
we describe, using the theory of Banica and Forster [ 6 ], the generators of the homogeneous 
ideals and the monads of the ideal sheaves of the multiple lines in P^ of degree < 4, and 
on the results from Appendix |B] where we do the same thing for the reducible curves of 
degree < 4 having a multiple line as a component. 

Finally, we use, in Section |3l the classihcation of the monads of the locally CM curves 
Z with c/z(3) globally generated to prove the main result of this paper which is the 
following: 

Theorem 0.1. Let E be a globally vector bundle on P^ with Ci > 4 and such that W{E^) = 
0, z = 0, 1. //H°(F^(—Cl + 2)) = 0 and H°(i?(—ci + 3)) 7 ^ 0 then one of the following 
holds-. 

(i) E ~ ^p(ci — 3) ©F, where E is a globally generated vector bundle with ci{E) = 3 ; 

(ii) Cl = 4 and E ~ F(2), where E is a nullcorrelation bundle or a 2-instanton-, 

(iii) Cl = 4 and, up to a linear change of coordinates, E is the kernel of the epimorphism 

{xq , Xi, X2, xl) : 3^p(2) © ^p(l) —^ (^p(3) ; 
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(iv) Cl = 4 and, up to a linear change of coordinates, E is the kernel of the epimorphism 

{xq ,xi,xl, X 2 X 3 , xl) : 2^p(2) © 3^p(l) —)■ ^p(3); 

(v) Cl = 4 and, up to a linear change of coordinates, E is the cohomology of the monad 


\u (p, 0 ) 

(^p(—1)- y 2^p(2) © 2(^p(l) © 4^p- > ^p(3) 

where i^p(—1) A 2i^p(2) © 2^p(l) A (^p(3) is a subcomplex of the Koszul complex 
defined by Xq, Xi, x^, x\ and u : ^p(— 1 ) —)■ 4i^p is defined by xq, Xi, X 2 , X 3 ; 

(vi) Cl = 5 and E ~ -^(3), where E is a stable rank 2 vector bundle with Ci(F) = —1 
and C 2 {E) = 2 ; 

(vii) Cl = 6 and E ~ -^(3), where E is a strictly semistable rank 2 vector bundle with 
ci{E) = 0 and C 2 {E) = 3 . 

Some comments are in order. As originally noticed by Sierra and Ugaglia, the condition 
= 0 , z = 0 , 1 , is not too restrictive : any other globally generated vector bnndle 
can be obtained from a bnndle satisfying this additional condition by qnotienting a trivial 
snbbundle and, then, by adding a trivial direct snmmand. As we said at the beginning 
of the introdnction, the bnndles E appearing in item (i) were classified in [2] and [34] . 
independently. 

Finally, we extend, in Prop. 13.51 the classification from Theorem 10.11 to higher di¬ 
mensional projective spaces. In order to show that the bnndle appearing in item (vii) of 
Thm. Km cannot be extended to P'^ we need a resnlt of Barth and Ellencwajg |S1 Thm. 4.2] 
asserting that there is no stable rank 2 vector bnndle on P^ with Chern classes Ci = 0, 
C 2 = 3. We provide, in Thm. 13.31 a different proof of this fact, based on the resnlts of 
Mohan Kumar, Peterson and Rao [2T] . 

We use Prop. 13.51 to recover, in a different manner, in Thm. 13.81 the classification of 
globally generated vector bundles with ci = 4 on P", n > 4, which is part of the main 
result of our previous paper |3]. It is very likely that Prop. 13.51 can be used to get a 
classification of globally generated vector bundles with ci = 5 on P", n > 5. We intend 
to come back to this subject in another paper. 

Note. We provide, in the appendices to the paper, graded free resolutions for the ho¬ 
mogeneous ideals and for the graded structural algebras of all nonreduced locally Cohen- 
Macaulay curves in P^ of degree at most 4. We need only a small part of these results for 
the proof of Thm. lO.ll but we decided to give (at least in e-print form) the complete (and 
very long) list because it might be useful in some other contexts, too. Our approach is 
almost algorithmic and, at least, some aspects of the description of quadruple structures 
on a line should be new. There are overlaps with the papers of Nollet [27] and Nollet and 
Schlessinger [28] but our emphasis is on the description of individual curves and not on 
their deformations. 
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Notation, (i) We denote by S' = k[xQ,... the projective coordinate ring of the 
projective n-space P" over an algebraically closed held k of characteristic 0. If ^ is a 
coherent sheaf on P”, we denote by the graded S'-module 

(ii) If X is a closed subscheme of P™, we denote by C its ideal sheaf. If V is a 

closed subscheme of X, we denote by J^y,x C ffx the ideal sheaf dehning V as a closed 
subscheme of X. In other words, ^y,x = j^x- If ^ is a coherent sheaf on P", we put 
^x '■= ^ and ^ | X := where i : X —)■ P” is the inclusion. 

(iii) By a point of a quasi-projective scheme X we always mean a closed point. If ^ is 

a coherent sheaf on X and x E X, we denote by the reduced stalk ^xl'^x^x of ^ 

at x, where is the maximal ideal of 

(iv) We frequently write “CM” for “Cohen-Macaulay” and “l.c.i.” for “locally complete 
intersection”. 


1. Curves of degree at least 5 

Proposition 1.1. Let Z he a locally CM space curve of degree d> 4. If is globally 

generated and H°(J^^( 2 )) 7 ^ 0 then one of the following holds: 

(i) Z is a complete intersection of type (2, 3); 

(ii) d = 5 and d^z(3) admits a resolution of the form: 

0 2 ^p(-l) ^ ^p(l) © 2 ^p ^ jLz{3) 0 ; 

(iii) d = A and J^z(3) admits a resolution of the form: 

0 —y ^p © ^p(—1) —y 2Cp{l) © Cp —y —t 0; 

(iv) d = A and ^z(3) admits a resolution of the form: 

0 —^ 3^P —^ ^p(l) © flp( 2 ) —^ J^z(3) —^ 0 . 

Proof. Z is contained in a complete intersection of type (2, 3) hence d < 6. 

Case 1. d = 6. 

In this case Z is a complete intersection of type (2, 3). 

Case 2. d = 5. 

In this case, Z is linked to a line by a complete intersection of type (2, 3) hence, by 
Ferrand’s result about liaison, jLz{3) admits a resolution as in item (ii) of the statement. 

Case 3. d = A. 

In this case, Z is linked to a curve X of degree 2. One has to divide this case into subcases. 
Subcase 3.1. X is a complete intersection of type (1,2). 



SPACE CURVES AND VECTOR BUNDLES 


7 


In this subscase, by Ferrand’s result about liaison, J^z(3) admits a resolution as in item 
(iii) of the statement. 

Subcase 3.2. X is the disjoint union of two lines. 

In this subcase, admits a resolution of the form (see Lemma [B.l|) : 

0 —y ^p(—4) —y 4^p(—3) —y 4^p(—2) —y t 0 

hence, by Ferrand’s result, ^z{^) is the cohomology of a monad of the form: 

0 —^ 3^p —^ 5^p(l) —^ ^p(2) —^ 0 

Since the kernel of any epimorphism 5(^p —>■ i^p(l) is isomorphic to ^p©r2p(l), it follows 
that =^z(3) admits a resolution as in item (iv) of the statement. 

Subcase 3.3 X is a double structure on a line L. 

X is dehned by an epimorphism J'l^j J'f —)■ ^l{1), for some I > —1 (see Subsection IA.4j) . 
From the fundamental exact sequence of liaison (recalled in [3l Remark 2.6]): 

0 —y ^p(—5) —y ^p(—2) © ^p(—3) —y —y ci;x(~l) —t 0 

it follows that d^z(3) is globally generated iff oJxif^,) is globally generated. But, as we 
recalled in Subsection IA.4I of Appendix lAl ux — ^x{—l — 2). One deduces that / < 0. If 
I = —1 then X is the divisor 2L on a plane H D L and this situation has been treated in 
Subcase 3.1, and if / = 0 then, as we recalled in Subsection IA.41 ^x admits a resolution 
having the same (numerical) shape as that of the disjoint union of two lines hence, by the 
proof of Subcase 3.2, J^z(3) admits a resolution as in item (iv) of the statement. □ 

We assume, from now and until the end of this section, that Z is a locally CM space 
curve of degree d > 5, such that e/z(3) is globally generated and H^(J^z(2)) = 0. Z 
is linked by a complete intersection of type (3, 3) to a locally CM curve Z' of degree 
d' = 9 — d. The fundamental exact sequence of liaison: 

0 —^ ^p(-6) —^ 2^p(-3) —^ ./z —t uz'{-2) —^ 0 

shows that the condition d^z(3) globally generated is equivalent to Ci;z'(l) being globally 
generated, and the condition II°(j^z(2)) = 0 is equivalent to ^^{ujz') = 0, which by Serre 
duality is equivalent to H^(^z') = 0 hence to H^(J^z') = 0. 

Proposition 1.2. Using the above hypotheses and notation, assume that Z' is l.c.i. except 
at finitely many points. Then one of the following holds: 

(i) d = 7 and T^z(3) admits a resolution of the form: 

0 —y ^p(—1) © ^p(—2) —y 3^p —y J^z(3) —y 0; 

(ii) d = 6 and T^z(3) admits a resolution of the form: 

0 —^ 3^p(-l) —^ 4^p —^ J^z(3) —^ 0 ; 

(iii) d = 5 and T^z(3) admits a resolution of the form: 


0 
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(iv) d = b and J^z(3) admits a resolution of the form: 

0 — y ^p(l) 0 © ^p(—1) — y K 0 — y ^ 0 

where K is the kernel of an epimorphism 2^p(2) © 2(^p(l) —)■ ^p(3). 

Proof. Assume, firstly, that ^ 0. Then Z' is a complete intersection of type 

(1, d'). In this case coz' — ^zfd' — 3) hence the two conditions globally generated 

and H°(a;^/) = 0 imply that d' = 2. In this case, by Ferrand’s result about liaison, .^z(3) 
admits a resolution as in item (i) of the statement. 

Assume, from now on, that Y^{^z'{^)) = 0. Since Z' is l.c.i. except at hnitely many 
points and since uz'il) is globally generated, a general global section of this sheaf generates 
it except at hnitely many points, hence it dehnes an extension: 

0 —y ^ ^'( 2 ) — ^ ^2/(3) —^ 0 

where is a rank 2 reflexive sheaf with Chern classes cfl^') = —1 and C 2 {<^') = d' — 2. 
Our assumption = 0 implies that II°(^') = 0, hence is stable. Now, 

Hartshorne’s results [IHl Cor. 3.3] and [ISl Thm. 8 . 2 (d)] imply that C 2 {<^') > 1 hence 
©(^0 ^ {!) 2} because d' < 4 and that, moreover, if C 2 (^') = 1 then = 1 and if 

©(=^0 = 2 then C 3 (^') G {0, 2, 4}. 

Case 1. C 2 (^') = 1. 

In this case, by Hartshorne [TH Lemma 9.4], can be realised as an extension: 

0 —^ ^p(-l) — y — y J^L —to 

where L is a line. One deduces that and, then, J^z' have resolutions of the form : 

0 —^ ^p(- 2 ) —^ 3^p(-l) — y^' —^ 0 

0 —^ 2^p(-3) —^ 3^p(-2) —y J^z' —t 0. 

Using Ferrand’s result about liaison, one gets that admits a resolution as in item 

(ii) of the statement. 

Case 2. C 2 (^') = 2, C 3 (=^') = 4. 

In this case, by Hartshorne [TSl Lemma 9.6], can be realised as an extension: 

0 —y ^p( — 1 ) — y —y —y 0 

where U is a plane curve of degree 2. But in this case H^(e/y(—1)) 7 ^ 0, which im¬ 
plies 1 )) 7 ^ 0 , hence H^(J^z') 0 and this contradicts our hypothesis that 

H°(J^z( 2 )) = 0 (see the discussion proceeding the statement of the proposition). 

Case 3. C 2 (^') = 2, C 3 (^') = 2. 

In this case, a result of Chang [9l Lemma 2.4] implies that can be realized as an 
extension: 

0 —y — 1 ) —y —y 


0 
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where either Y is the union of two disjoint lines or it is a double structure on a line L 
dehned by an epimorphism J'l^j —)■ Gi^. In both cases, Y admits a resolution of the 
form (see Subsection IA.4I and Lemma IB.1|1 : 

0 — 'f ^p(—4) — 'f 4^p(—3) — 'f 4^p(—2) — \ tYy — 'f 0 
One gets resolutions for and ^z' of the form: 




di 


0 — y ^p(—4) — -y 4^p(—3)- y ^p(—1) © 4^p(—2) — y —y 0 

( ° ^ 

0 — y Gp(^ —5)- y ^p(—3) © 4^p(—4) — y Gp{ —2) © 4^p(—3) — y <Yz’ —t 0 


Using Ferrand’s result about liaison, one deduces that J^z(3) has a monad of the form: 

(c^2(-2), 0)^ ^^^2) —^ 0 


0 —y AiGp © Gp{^ —1) —y 4^p(l) © 3^p 
In this way, one gets an exact sequence: 


0 


(-1) ^ Op(2) © 3^p ^ 0 . 


The component AGp ^ 3Gp of a must have rank at least 2 because any monomorphism 
3^P — >■ r2p(2) degenerates along a surface in P^. It follows that at least 2 direct summands 
Gp from the above resolution of d^z(3) must cancel (see Remark I A. 91 from Appendix [All, 
hence J^z(3) has a resolution as in item (iii) of the statement. 

Case 4. C 2 (^') = 2, = 0. 

In this case, according to the results of Hartshorne and Sols m Prop. 2.1] or of Manolache 
[241 Cor. 2], can be realised as an extension: 

0 —^ ^p(-l) —y ^ ./y —^ 0 

where U is a double structure on a line L dehned by an epimorphism —)■ Gill). 

According to the results recalled in Subsection IA.41 J^y has a resolution of the form: 

0 — y Gp( —5) — y 2Gp( —3) © 2 ^p(—4) — y 3^p(— 2 ) © Gp( —3) — y ^y —y 0. 

One deduces that and, then, J'z' have resolutions of the form: 


* 

0 ^ ^p(-5) ^ 2^p(-3) © 2^p(-4) ^p(-l) © 3^p(-2) © ^p(-3) —^ ^ 0 


0 ^ ^p(-6) 


0 

d2{—f) 


y Gp(^ —3) © 2^p(—4) © 2^p(—5) —y Gp( —2) © 3^p(—3) © Gp( —4) 

^^z'^O. 
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Now, the result of Ferrand about liaison implies that J^z(3) has a monad of the form: 

0 —^ © 3«^p © <^p(-l) — 2 ^p( 2 ) © 2 ^p(l) © 3^p ^p(3) —^ 0 . 

Denoting by K the kernel of the epimorphism : 2^p(2) © 2^p(l) —)■ ^p(3), one 

gets an exact sequence : 

0 — y ^p(l) © 3^p © ^p(— 1) —y K © 3^p —y <^^(3) —y 0 . 

The component 3^p —)■ 3(^p of a must have rank at least 2, because any monomorphism 
^p(l) ©2^p —)■ K degenerates along a surface in P^. One deduces that at least two direct 
summands ^p from the above resolution of cancel, hence ^z{3) admits a resolution 
as in item (iv) of the statement. □ 

Proposition 1.3. Using the hypotheses and notation established before Prop. \1.^ assume 
that Z' is not l.c.i. except finitely many points. Then d = 6 and J^z{,3) admits a resolution 
of the form : 

0 —^ 3^p(-l) —^ 4^p —^ J^z(3) —^ 0. 

Proof. There are only three possibilities for Z'. 

Case 1. Z' = = first infinitesimal neighbourhood of a line L C P^. 

Z' is the subscheme of P^ dehned by hence ^z' admits a resolution of the form: 

0 —^ 2^p(-3) —^ 3^p(-2) —> jTz -^ 0 

which, by dualization, provides a resolution of uz' 

0 — y ^p(—4) — y 3^p(—2) —y 2^p(— 1) — y uz' —y 0. 

One sees that, indeed, LOz'i^) is globally generated and that H°(a;z') = 0. Applying 
Ferrand result about liaison to the above resolution of J^z' one gets that J^z(3) admits a 
resolution as in the statement. 

Case 2. Z' = ©d) y with L and L' distinct lines. 

If L n L' = 0 then uJz'fi^) is not globally generated because uJL'fil) — If T O 

L' 7 ^ 0 then, choosing conveniently the homogeneous coordinates on P^, one may assume 
that L has equations X 2 = x^, = Q and L' has equations Xi = x^, = 0. Then I{Z') = 
{X 2 X 2 ,, x\, X 1 X 2 ) (see Lemma IB. 9 1 with c = 0). Z' is linked, via the complete intersection 
defined by x^ and XiX^, to L U L'. The fundamental exact sequence of liaison: 

0 —)■ ^p(—5) —y ^p(— 2 ) © ^p(—3) —)■ ^lul' —t ojzfi—U) —y 0 

and the fact that H°( J^iu£,/(1)) 7 ^ 0 implies that Yfi'{oJz') 7 ^ 0, which contradicts our 
hypothesis (see the discussion before Prop. II.2p . 

Case 3. Z' is a thick structure of degree 4 on a line L. 

In this case, by the results recalled in Subsection IA.3I of Appendix one has an exact 
sequence: 

0 —y ffiil) —t ^z' —y ^L(i) —y 0 
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for some I > —2. Applying one gets an exact sequence: 

0 —> —> ^z' —t ul{—1) —)■ 0 . 

But — 2) hence oJz'iX) globally generated implies I < —1. Since we 

assumed that Z' is not l.c.i. except at hnitely many points, Prop. IA.14I implies that I 
must be even, hence I = —2. Since = 1 and 2)) ^ 0, the above exact 

sequence involving G'z' shows that ^ 0, which contradicts our hypothesis (see 

the discussion before Prop. II.2p . □ 


2. Curves of degree at most 4 


We want to classify, in this section, the locally CM curves Z in P^, l.c.i. except at 
hnitely many points, of degree d < 4, with ^z{^) globally generated. More precisely, we 
want to list the monads of the ideal sheaves of these curves. According to Prop. 11.11 we 
can assume, in the case d = 4, that H°(.^^(2)) = 0. 

Lemma 2.1. If d = A and J^z{3) is globally generated then h°(c/ 2 ( 3 )) > 5. 

Proof. The assertion is clear if H°(.^ 2 ( 2 )) 7 ^ 0. Assume, from now on, that H°(j^^( 2 )) = 0. 
Since Z is not a complete intersection of type (3,3) it follows that h^{J^zi3)) > 3. 

If h°(c/z(3)) = 3 then one has an exact sequence: 

0 —> E —^ 3^p —^ J^z(3) —^ 0 

with E a rank 2 vector bundle. Let us recall the following fact: if hP is a closed subscheme 
of P^ of dimension < 1 and if deg IP is dehned by = tdeghP + xi^w)-, Vt G Z, 

(such that deg hP = 0 if dim hP < 0) then: 

= t and C 2 {^w{t)) = deg IP. 

{Indeed, it suffices to compute ci{^w{t)) and C 2 (^vv(^))- If id C P^ is a general plane 
then the latter Chern classes are (numerically) equal to the corresponding Chern classes 
of ^Hnw{t) on id ~ P^ and these can be computed as in |TH1 Lemma 2.7].) 

One gets that Ci(i7) = —3 and C 2 {E) = 5 but this is not possible because the Chern 
classes of a rank 2 vector bundle on P^ must satisfy the relation C 1 C 2 = 0 (mod 2 ) (by the 
Riemann-Roch formula). It thus remains that \^{^z{^)) > 4. 

Assume, hnally, that h°(j^^(3)) = 4. Eliminating this case turns out to be more 
complicated. One has an exact sequence : 


^z(3) 


0 


where F is a rank 3 vector bundle with Chern classes ci(F) = —3 and C 2 {E) = 5. By our 
assumption, H*(F) = 0, i = 0,1. Now, Z is directly linked by a complete intersection of 
type (3, 3) to a curve Z' of degree 5. By Ferrand’s result about liaison, one gets an exact 
sequence: 


( 2 . 1 ) 


‘20‘f 


^z'(3) 


0 . 


0 
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One cannot have H'^(j^^/(2)) 7 ^ 0 because this would imply that Z' is directly linked to a 
line by a complete intersection of type (2,3) which would imply in turn, by applying twice 
Ferrand’s result about liaison, that H°(j^ 2 ( 2 )) 7 ^ 0. It follows that H°(F'^(—1)) = 0. 

On the other hand, H°(F(1)) 7 ^ 0. Indeed, let if C be a plane cutting Z properly. 
HnZ is a 0-dimensional subscheme of length 4 of if hence = 3. One deduces, 

from the Lemma of Le Potier (recalled in [3l Lemma 1.22]), that = 0 for 

I > 3. One gets, in particular, that h°(^Hnz,ir(4)) = 15 — 4 = 11 hence, using the exact 
sequence : 

0 ^ J^z(3) ^ ^z(4) ^ ynnzM^^) ^ 0 , 

h°(=l^z(4)) < 11 -|- 4 = 15. One deduces, from the exact sequence dehning F, that 
h°(F(l)) > 4 X 4 - 15 = 1. 

Consider, now, the normalized rank 3 vector bundle G := F{1). It has Ci(G) = 0 and 
C 2 (G) = 2. Moreover, H*(G(—1)) = 0, i = 0,1, H°(G^) = 0 and H°(G) 7 ^ 0. Since 
H°(G(—1)) = 0, the scheme of zeroes IF of a non-zero global section of G must have 
dimension < 1 . One has an exact sequence: 

(2.2) 0 —— >G'^ ——tO 

where ^ is a rank 2 reflexive sheaf with Ci{^) = 0. Since H°(^) = 0, is stable. It 
follows that C 2 {^) > 1 (for results about stable rank 2 reflexive sheaves one may consult 
Hartshorne |T 8 ], especially Sect. 7). On the other hand, one gets, using the exact sequence 
fl 2 . 2 p . that: 

C 2 (^) + deglF = C 2 (G'') = 2 . 

If C 2 (=^) = 1 then ^ is a nullcorrelation bundle. In particular, it is locally free. One 
deduces, from the exact sequence fl2.2p . that IF is locally CM of pure codimension 2 in P^. 
Since deg IF = 1, IF is a line. ^ being a nullcorrelation bundle one has h^(^(—3)) = 1. 
It follows that H^(G'^(—3)) 7 ^ 0 hence, by Serre duality, H^(G(—1)) 7 ^ 0, a contradiction. 

It remains that C 2 {l^) = 2. In this case deg IF = 0, i.e., dim IF < 0. Dualizing the 
exact sequence fl 2 . 2 l) and taking into account that ~ ^ (because Ci(^) = 0 ), one 
gets an exact sequence : 

(2.3) 0 —— >G ——^0. 

The possible spectra of are (0,0), (—1,0) and (-1,-1). For the hrst two spectra 
one has H^(^(—1)) 7 ^ 0 which is not possible because H^(G(—1)) = 0. It remains 
that the spectrum of is (—1, —1). In particular, C 2 ,{^) = 4, hence, by [THl Prop. 2.6], 

{S’, ^p)) = 4. Dualizing the exact sequence fl2.3l) . one gets that Sxt^^^{^, ~ 

Sw Now, by Chang [HI Lemma 2.9], ^ admits a resolution of the form: 


(- 2 ) 


-(- 1 ) 




Dualizing this exact sequence one gets the following presentation: 


V 
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Since ~ the properties of Fitting ideals show that W is dehned, as a 

closed snbscheme of P^, by the 2 x 2 minors of the 2x4 matrix of linear forms defining 
0^. Considering the Eagon-Northcott complex associated to 2) : 4^p(—1) —>■ 2^p, 
one gets the following resolntion of Gw '■ 

0 —>■ 3^p(—4) — 8 ^p(—3) —>■ 6 ^p(—2) —>■ (fp —>■ Gw —^ 0 • 

One deduces that }l^{J^w{^)) = 0. One gets, now, from the exact sequence fl2.2p . that 
H°(^(l)) H°(G^(1)). It follows that the dependence locus of any two global sections 

of (7^(1) contains a surface in P^. Since G^(l) ~ this contradicts the existence of the 
exact sequence (12.ip . □ 

Lemma 2.2. Let Y be a reduced, connected curve of degree 3 m P^. Then either Y 
is a complete intersection of type (1,3) or Y is directly linked to a line by a complete 
intersection of type ( 2 , 2 ). 

Proof. Assume that H°(c/y(l)) = 0. Then one can choose three noncolinear points Pi, 
P 2 , P 3 of Y such that the plane H determined by them intersects Y properly. In this 
case the map H°(^p(l)) —)■ H°(i^{p^^p 2 ,P 3 }( 1 )) is surjective, hence the map H°(i^y(l)) —)■ 
H°('^Rnv(l)) is surjective, too. Using the exact sequences: 

0 —> Gyii) —> Gyii + 1) —> GnnYii + 1) —^ 0 

one derives (when i = 0) that h°(^y(l)) = 4 and that H^(^y(i)) —> H^(^y(i + 1)) is 
injective for i > 0, hence H^(^y) = 0. Using the exact sequence: 

0 ->■ ...^y(l) - y ^p(l) - y ^y(l) - y 0 

one deduces that H^(j^y(l)) = 0. Since H^(.^y) ~ H^(i^y) = 0 it follows that cYy is 
2 -regular, hence yy( 2 ) is globally generated. □ 

Lemma 2.3. Let Z be a reduced, connected curve of degree 4 in P^. Then lY{^z{2)) 7 ^ 0. 

Proof. Let iL C P^ be a plane intersecting Z properly. Using the exact sequences: 

0 —)■ Gz{i) —)■ Gz{i + 1) —)■ Gnnzii + 1) —t 0, 

for z = 0 and 1 , one deduces that: 

h°(^z(2)) < \P{Gz{l)) + h°(^/inz(2)) < \^{Gz) + {GHr\z{^)) + h°(^p-nz(2)) = 9 . 

Using, now, the exact sequence: 

0 ^ Jz{‘2) Gp{2) ffz{2) 0 

and the fact that h°(i^p( 2 )) = 10 one derives that h°(c/z( 2 )) > 1 . □ 

Lemma 2.4. Let X and X' be two disjoint locally CM curves of degree 2 in P^ and let 
Z = X U X'. Then Z admits a i-secant hence is not globally generated. 
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Proof. X (and, similarly, X') can be a complete intersection of type (1,2), the nnion of 
two disjoint lines L and L', or a donble strnctnre on a line L. In the hrst case, X is 
contained in a plane H and every line in H intersecting X properly is a 2-secant to X. 
In the second case, every line joining a point of L and a point of L' is a 2-secant to X. In 
the third case, assnme that L is the lin e of eqnations X 2 = = 0. As it is well known, 

there exist an integer I > —1 and two coprime polynomials a, b & k[xo^x\\i+i snch that 
the holomogeneous ideal /(X) C S' of X is generated by: 

F2 = -bx2 + 0x3, xl, X2X3, xl 

(this resnlt is recalled in Snbsection IA.4I from Appendix |^. The snrface S C of 
eqnation F 2 = 0 is nonsingnlar along L. If Li is another line meeting L in a point 2 ; then 
Li is a 2-secant to X, i.e., deg(Li flX) = 2 if and only if Li is contained in the projective 
tangent plane Tj;S to S at z. This tangent plane has eqnation: 

—b{z)x2 + a{z)x3 = 0 . 

We will show that X and X' have a common 2-secant which is, conseqnently, a 4-secant 
to Z. We split the proof of this fact into several cases according to the natnre of X and 
A'. 

Case 1. X is a double structure on the line L of equations X 2 = x^ = 0 and X' is a 
double structure on the line L' of equations xq = xi = 0. 

Consider the morphism (f : L ^ L' defined by {(j){z)} = Pz'Z fl L'. One has: 

(/)((^o : 2:1 : 0 : 0)) = (0 : 0 : a{zQ, Zi) : b{zo, Zi)) . 

For z & L, the line joining z to (j){z) G T' is a 2-secant to X. Consider the similar 
morphism cf' ■. L' ^ L. The composite morphism 0' o 0 : L —)■ L has a fixed point z, 
hence, if z' = ^(z) then 0'(z') = z. The line joining z to z' is a 2-secant to both X and 
X'. 

Case 2. X is a double structure on the line L of equations X 2 = ^3 = 0 and X' is a 
complete intersection of type ( 1 , 2 ). 

Let Ff C P^ be the plane containing X', let {z} = H HL and let Li = T^S O H. Then Li 
is a 2-secant to both X and X'. 

Case 3. X is a double structure on the line L of equations X 2 = x^ = and X' = L'UL", 
where L' and L" are disjoint lines not intersecting L. 

Consider the morphism (f : L ^ L' defined in Case 1. Consider also the morphism 
■. L ^ L' dehned by: 

{^p{z)} = span({z} U L") fl L'. 

is, actnally, an isomorphism. Then 0 “^ o 0 : L ^ L has a fixed point z. Let w = (j){z) = 
'ip{z). The line joining and w is a 2-secant to X and meets both L' and L", hence it is 
a 2-secant to X', too. 

Case 4. X and X' are both complete intersections of type (1,2). 
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X is contained in a plane H and X' is contained in a plane H'. The line H (1 H' is a. 
2-secant to both X and X'. 

Case 5. X is a complete intersection of type (1,2) and X' is the union of two disjoint 
lines L' and L" not intersecting X. 

X is contained in a plane H and L' (resp., V) intersects if in a point z' (resp., z''\ The 
line joining z' and z” is a 2-secant to both X and X'. 

Case 6. Z is the union of four mutually disjoint lines. 

This case is well-known: three of the lines are contained in a nniqne nonsingnlar qnadric 
snrface Q C P^. Let z he a point from the intersection of Q with the fourth line. Then 
the line contained in Q, passing through 2 ;, and not belonging to the ruling of Q to which 
the hrst three lines belong intersects all the four lines. □ 

Lemma 2.5. Let Y be a locally CM curve of degree 3 in P^, L' C P^ a line not intersecting 
Y, and Z = Y U L'. If is globally generated then Y is directly linked to a line by a 

complete intersection of type (2,2). 

Proof. Lemma 12.41 implies that Y is connected. Y cannot be a complete intersection of 
type (1,3) because, in that case, any line contained in the plane H D Y and passing 
through the intersection point of H and L' is a 4-secant to Z. If Y is reduced then, by 
Lemma [2.21 Y is directly linked to a line by a complete intersection of type (2,2). 

Consequently, we can assume that Y is connected and nonreduced. There are two cases 
to be considered. 

Case 1. Y is a triple structure on a line. 

In this case, since the hrst inhnitesimal neighbourhood of a line in P^ is directly linked to 
a line by a complete intersection of type ( 2 , 2 ), we can assume that K is a quasiprimitive 
triple structure on the line Li of equations X 2 = = 0 and that L' is the line of equations 

Xq = Xi = 0. We use the notation and results from Subsection IB.21 of Appendix iBl 

If Z = —1 and m = 1 then, by Lemma [B.141 Y is directly linked to Li by a complete 
intersection of type (2, 2). If Z = — 1 and m 7 ^ 1 then, using the notation from Lemma fB. 131 
consider a divisor A G Zc[a;o,a;i]i of V 2 . The line of equations F 2 = A = 0 is a 3-secant to 
Y hence a 4-secant to Z = Y \J L'. 

If Z = m = 0 then Y is the divisor 3Li on a nonsingular quadric surface Q D Li. If 
P E Q n L' then the line contained in Q, passing through P and intersecting Li is a 
4-secant to Z. 

Finally, if Z = 0 and m > 1 or if Z > 1 then, by Prop. iBTSf b) and by Lemma [?Tl J^z(3) 
is not globally generated. 

Case 2. Y is the union of a double structure on a line and of another line intersecting 
it. 

In this case, we can assume that Y = XUL, where X is a double structure on the line Li 
of equations X 2 = x^ = h and L is the line of equations I = xz = h, I = xi P cx 2 , c 7 ^ 0, 
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and that L' is the line of eqnations Xq = Xi = 0. We use the results stated in Prop. IB.30I 
and the notation appearing there. 

If ail I 6 and I = —1 then, by the proof of Prop. IB.dOf a). y is a complete intersection 
of type (1,3) and this case was excluded above. 

xi\h and I = 0 then, by the proof of Prop. IB.30f bh Y is directly linked to a line by 
a complete intersection of type ( 2 , 2 ). 

If Xi I 6 and I > 1 then, by Prop. IB.30lf c). choosing a divisor A G k[xQ,X]\i of 6 i, the 
line of equations A = 0:3 = 0 is a 4-secant to Z. 

Xi\h and I = —1 then, by the proof of Prop. IB.dOf d). Y is directly linked to a line 
by a complete intersection of type ( 2 , 2 ). 

Finally, Xi\h and I > 0 then, by Prop. IB.30l e). choosing a divisor A G k[xQ,X]\i of 
b, the line of equations A = X 3 = 0 is a 4-secant to Z. □ 

Lemma 2.6. Assume that Z is a quasiprimitive structure of degree 4 on the line L C 
of equations X 2 = X 3 = 0. //H°(j^^(2)) = 0 then is not globally generated. 

Proof. We use Prop. IA. 6 I and Prop. IA.12I from Appendix and the notation from that 
appendix. One has I > 0 because, in the case I = —1, a and b are constants, not 
simultaneously 0, F 2 = —bx + ay, and Gi = Ff, hence H°(j^^(2)) 7 ^ 0. The conclusion 
follows, now, from Lemma [ 2.11 using Prop. IA. 6 l and Prop. IA.12I □ 

Remark 2.7. We take this opportunity to complete the argument for assertion 1.2(iii) 
from the paper of Gruson and Skiti |T 6 ] by showing that if Z is a primitive structure of 
degree 4 on a line L C P^ (let’s say, of equations X 2 = x^ = 0), with I = 0 and such that 
H°(J^z(2)) = 0, then Z admits two 4-secants. 

Indeed, the conditions I = 0 and H°(j^ 2 ( 2 )) = 0 imply that Z doesn’t satisfy the 
hypothesis of Prop. IA. 6 I but it satishes the hypothesis of Prop. IA.12I One may assume, 
now, that a = Xq and b = Xi hence: 

F2 = -X1X2 + 0:0X3 , ^3 = ^2+ VqxI + V1X2XS + V2xl , 

F 40 = X 0 F 3 + Wooxl + ^ 01 X 2 X 3 -f- tC 02 X 2 X 3 + W 03 X 3 , 

F41 = X1F3 -F Wioxl + ^11X2X3 -F ^12X2X3 4 - Wi 3 xl , 

Gi = X 2 F 3 , G 2 = X3F3 . 

The surface Q C P^ of equation F3 = 0 is a smooth quadric. Relation flA. 27 p becomes: 

- xi{wooxl + ^01X2X3 + 0^02X2X3 -f- W03X3) + xo(u:ioX2 + ^11X3X3 -4 ^12X2X3 -f ^13X3) 

= (70X2 + 712^2X3 + 722 ^^ (-^1^2 + X0X3) 

Since Wij and 7 , are constants, one gets that: 

F 40 = X 0 F 3 + xsi'joxl + 71 X 2 X 3 -f- 72 X 3 ), F 41 = X 1 F 3 -4 X2(702^2 + 712 ^ 2 X 3 + 72 X 3 ). 

The divisor { 70 X 3 + 71 X 2 X 3 -|- 72 x| = 0} fl Q on Q contains 2L hence it is of the form 
2L + L[ + L' 2 , where L'^, L '2 are lines from the other ruling of Q. Both of these lines are 
4-secants to Z. 
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Proposition 2.8. Let Z be a locally CM curve in of degree 4. //H°(j^2(2)) = 0 and 
jLzi?)) is globally generated then admits a monad of the form: 

0 —^ ^p(l) © 2 ^p —^ 2 ^p( 2 ) © 3^p(l) —^ ^p(3) —^ 0 . 

Proof. If Z is not connected then the conclusion of the proposition follows, even without 
assuming that H°(j^ 2 ( 2 )) = 0, from Lemma [2.51 taking into account Lemma [2.41 (see the 
hrst method for getting monads stated in the Introduction). 

Assume, from now on, that Z is, moreover, connected. By Lemma 12.61 Z cannot be a 
quasiprimitive structure of degree 4 on a line. The hypothesis 11° (2)) = 0 eliminates, 

also, many other cases as, for example, the case where Z is reduced (by Lemma [23]) or the 
case where Z is the union of a double line and of two other (simple) lines, both of them 
intersecting the double line. It remains, actually, to analyse the following four cases: 

Case 1. Z is a thick structure of degree A on a line L. 

We may assume that L is the line of equations X 2 = = 0. We use, in this case, the 

results and notation from Subsection IA.3I of Appendix lAI (with W = Z). Since 

^z!— C’L{-m - 2 ) © CL{-n - 2 ) 

it follows that if T^z(3) is globally generated then m < 1 and n < 1. On the other hand, 
since the generators F and G of the homogeneous ideal I{Z) C S from Prop. IA.13I have 
degrees m + 2 and n + 2 , respectively, and since H°(J^^( 2 )) = 0 it follows that, actually, 
m = n = 1. Since m + n = / + 2, one gets that I = 0. Prop. IA.15I implies, now, that 
satishes the conclusion of the proposition. 

Case 2. Z is the union of a triple structure Y on a line and of another line intersecting 
it. 

We may assume that P is a triple structure on the line Li of equations X 2 = x^, = Q and 
that the second line is the line ©2 of equations xi = X 3 = 0. We use, in this case, the 
results and notation from Subsection IB. 2! of Appendix iBl The hypothesis H°(e/z(2)) = 0 
implies that Y cannot be the hrst inhnitesimal neighbourhood of Li in P° hence it is a 
quasiprimitive triple structure on Li. 

Now, Lemma 1?^ and Prop. iBTSl imply that I < 0. Since X 3 F 2 G I{Z) and = 

0 it follows that / > 0. Consequently, / = 0. 

In the cases (a) and (c) of Prop. [BT8]one has, on one hand, that / + m + 2 = degF^ > 3 
(because = 0 ) and, on the other hand, since — m — 2) is a quotient of 

J^z, that —/ — m — 2 + 3 > 0. It follows that, in this cases, I = 0 and m = 1. 

In the cases (b) and (d) of Prop.[BT 8 ]one has, on one hand, that /+m+3 = deg (xiF^) > 
3 (because Il°(.^ 2 ( 2 )) = 0) and, on the other hand, since ^Lj(—/ —m —3) is a quotient of 
J^z, that —Z — m — 3 + 3 > 0. It follows that, in this cases, I = 0 and m = 0. We analyse, 
now, each one of the cases occuring in Prop. IB. 181 

• In case (a), one must have b = xi hence 61 = 1. It follows that: 

X 2 F 2 = —xixl + 0 x 2 X 3 and xix^ = —X 2 ■ X 2 F 2 + a ■ x^xs , 
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hence I{Z) is generated by polynomials of degree 3. Using Prop. IB.lQf al one sees that 
J^^(3) satishes the conlusion of the proposition (since bi = 1, one can cancel a direct 
snmmand *S'(—1) from each of the hrst two terms of the resolntion of 111 {^yuL 2 ))■ 

• In case (b), essentially the same argnment shows that I(Z) is generated by polynomials 
of degree 3 and that J^z(3) satishes the conclusion of the proposition. 

• In case (c), one must have p = Xi. By Lemma IB. 17f ch one can assume that Uq = CqXi, 
for some Cq E k, hence : 

F3 = Xi{-bX2 + aXs) + CqXixI + V1X2X3 + V2xl. 

If J^z{3) is globally generated then: 

xixl e (F 3 , X3F2, xlxs, X2xl, . 

Let S' = S/SX 3 = k[xo,Xi,X 2 ]. It follows that, working in S': 

xixl e {S'xiX2{-b + 00 X 2 ))®’"*. 

But S'xiX 2 {—b + C 0 X 2 ) is already saturated in S' and xix^ ^ S'xiX 2 {—b +€ 0 X 2 ). It follows 
that J^z(3) is not globally generated in case (c). 

• In case (d), p = 1, F 3 = F 2 + ^ 0 X 2 + V 1 X 2 X 3 + V 2 x\, and the same kind of argument 
as that used in case (c) shows that J^zi3) cannot be globally generated (because xix\ ^ 
S'xiX2{-b + V 0 X 2 )). 

Case 3. Z is the union of a double structure X on a line, of another line intersecting 
it, and of a third line intersecting the second line but not the double line. 

We may assume that X is a double structure on the line Li of equations X 2 = X 3 = 
that the second line is the line L2 of equations xi = X3 = 0, and that the third line is 
the line L'^ of equations xq = xi = 0. We use, in this case, the results and notation from 
Subsection IB. 31 Under the hypothesis of Prop. IB.27r bi one must have I = 1 (because 
F 2 G I{Z) and degF 2 = 1 + 2 and because ^lA -1 — 2) is a quotient of <^z)- Similarly, 
under the hypothesis of Prop. IB.27r cL one must have I = 0. Prop. IB.281 shows, now, that 
+^zi3) satishes the conclusion of the proposition. 

Case 4. Z is the union of a double structure X on a line and of a (nonsingular) conic 
C intersecting it. 

Since II*^(j^^( 2 )) = 0, the plane containing the conic must not contain the support of the 
double line. One may assume, in this case, that X is a double structure on the line Li of 
equations X 2 = X 3 = 0 and that C is the conic of equations Xi = XqX^ — x^ = 0. One can 
use, now, an argument similar to that used in Case 3, based on Prop. [K4T] and Prop. IB.421 
from Subsection IB. 41 □ 

Proposition 2.9. Let Y be a locally CM curve in of degree 3. If ^y{ 3) is globally 
generated then one of the following holds: 

(i) Y is a complete intersection of type (1,3); 

(ii) Y is directly linked to a line by a complete intersection of type (2, 2); 
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(iii) =/y(3) admits a monad of the form: 

0 —)■ ^p(l) © —)■ 3^p(2) © ^p(l) —)■ ^p(3) —y 0; 

(iv) J^y(3) admits a monad of the form: 

0 —^ + 1) © 2^p(l) —)■ 2 ^p{i + 2) © 4^p(2) —^ ^p{i + 3) © ^p{3) —^ 0 , 

with i = 0 or 1 ; 

(v) J^y( 3) admits a monad of the form: 

0 —^ <^p(3) © ^p(2) © ^p(l) —^ 2^p(4) © 2^p(3) © 2«^p(2) —^p(5) © ^p(4) —0 . 
Proof. We split the proof into several cases. 

Case 1. Y is not connected. 

In this case Y is the union of a curve X of degree 2 and of a line L' not intersecting X. 
If X is a complete intersection of type (1, 2) then J^y(3) satishes the condition (iii) from 
the statement. If X is the union of two disjoint lines then J^y(3) satishes condition (iv) 
from the statement with i = 0. 

It remains to consider the situation where X is a double structure on a line L dehned 
by an epimorphism J^i^j ~ —y with I > 0 (for I = —1, X is a complete 

intersection of type (1,2)). We may assume that L has equations X 2 = = 0 and that 

L' has equations Xq = Xi = 0. In this case, using Prop. IB. 81 one sees easily that one must 
have / < 1. It follows, from the results stated in Subsection IA.41 that J^y(3) satishes 
condition (iv) from the statement with i = 1 . 

Case 2. Y is reduced and connected. 

In this case, one applies Lemma 12.21 

Case 3. Y is the union of a double structure X on a line and of another line intersecting 
it. 

We may assume that X is a double structure on the line Li of equations X 2 = x^, = Q 
and that the other line is the line L 2 of equations xi = xs = 0. We use, in this case, the 
results and notation from Subsection IB. II 

Under the hypothesis of Prop. IB.lOf a) (with c = 0), ^y{3) is globally generated if and 
only if I G {—1, 0, 1}. If I = —1, then degp 2 = 1 hence X is a complete intersection of 
type (1, 3). If / = 0 then h = Xi and I{Y) = {—X 1 X 2 + ax^, X 2 X 2 , xl) hence Y is directly 
linked to L 2 by the complete intersection dehned by —X 1 X 2 + 0 x 3 and Xg. If Z = 1 then, 
by Prop. IB.llf ah .^y(3) satishes condition (iii) from the statement. 

On the other hand, under the hypothesis of Prop. IB.lOf b) (with c = 0), ^y{3) is 
globally generated if and only if I G {—1, 0}. If Z = —1 then b = 1 and /(X) = (— 0 : 10:2 + 
axiX 3 , X 2 X 2 , X 3 ) and X is directly linked to L 2 by the complete intersection dehned by 
—X 1 X 2 + 0 x 3 X 3 and x\. If Z = 0 then, by Prop. IB.llf bL J^yIS) satishes condition (iii) 
from the statement. 

Case 4. Y is a triple structure on a line L. 
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We may assume that L has equations X 2 = = 0. If Y is the hrst inhnitesimal neigh¬ 

bourhood of L in then Y is directly linked to L by a complete intersection of type 
(2, 2). Consequently, we may assume that F is a quasiprimitive triple structure on L. We 
use, in this case, the results and notation from Subsection IA.5I Since — m — 2) is 

a quotient of (see Remark IA.17P it follows that if <yy(3) is globally generated then 
—/ — m — 2-|-3>0, i.e., / -|- m < 1. Conversely, if / -|- m < 1 then I{Y) is generated by 
polynomials of degree 3 (for I < 0 this is clear, while for I = 1 and m = 0 F is a primitive 
triple structure on L hence /(F) is generated by F 3 , x^x^, X 2 x\, x\). 

If / = 1 and m = 0 (i.e., if F is the divisor 3L on a cubic surface T, D L nonsingular 
along L) then cFy(3) satishes condition (v) from the statement. 

If / = 0 and m = 1 then cFy(3) satishes condition (iv) from the statement with i = 1. 

If / = 0 and m = 0 then cFy(3) satishes condition (iv) from the statement with f = 0. 

If / = —1 and m = 2 then a, b are constants, at least one non-zero, hence cFy(3) satishes 
condition (iii) from the statement (one can cancel some direct summands in the resolution 
of H2(^y)). 

If / = —1 and m = 1 then, by Lemma IB.141 F is directly linked to L by a complete 
intersection of type (2,2). 

Finally, if I = —1 and m = 0 then F is a complete intersection of type (1, 3). □ 

Proposition 2.10. Let X be a locally CM curve in P^ of degree 2. If is globally 

generated then either X is a complete intersection of type (1,2) or J^x(3) admits a monad 
of the form: 

0 —}■ Cf>(i -|-1) © ^p(l) —}■ 2C‘f>{i + 2) ® 2^p(2) —>■ C-p{i + 3) —y 0 
with i = 0 or 1. 

Proof. If X is not a complete intersection of type (1,2) then either X is the union of two 
disjoint lines (in which case ^x{^) admits, by Lemma [B.ll a monad as in the statement 
with f = 0) or it is a double structure on a line L. We may assume that L has equations 
X 2 = X 3 = 0. We use, in this case, the results and notation from Subsection IA.4I .Fx(3) 
globally generated and X not a complete intersection of type (1, 2) turn out to be equiva¬ 
lent to I G {0, 1}. It follows that ^x{^) admits a monad of the form from the statement 
with i = 1 . □ 


3. Globally generated vector bundles 

In this section we prove Theorem 10.11 using the results from the Propositions 11.1111.21 
11.3112.8112.91 and 12.101 So, let E he a. globally generated vector bundle on P^ with Ci > 4 
such that H*(£'^) = 0, f = 0, 1. Assume that II°(i?(—ci + 2)) = 0 and II°(£'(—ci + 3)) 7 ^ 0. 
Recall, from the Introduction, the exact sequence flO.ip and the monad fl0.3p of E deduced 
from the monad fl0.2p of Let us assume that, moreover: 

© m_i^p © BZ^ and B^ = 5° © moi^p , 






















SPACE CURVES AND VECTOR BUNDLES 


21 




-)■ 


with = 0, = 0, = 0, and that = 0. Let : B 

be the restriction of d~^ : B~^ —)■ B^ and (i° : 5° —)■ B^ the restriction of dP. The 
next lemma will allow ns to handle all the cases occnring in the proof of Theorem lO.ll 

Lemma 3.1. Under the above hypotheses and notation, r = 2 — uiq + m_i + h°(i?Z^^) 
and one has an exact sequence: 


0 


B 


-1 


0 + 

dl^ 


> — 3) 


E 


where F is the cohomology of a monad : 

^0 

B-^ 


0 


u 


> Bl 


I mup 


«, *) 


> 


0 

-IVN 


?-iv 


with u : B_ —)• mffp the dual of the evaluation morphism ) ®k ^ B_ 

Proof. Pnt -B<q = © BZ^. The monad (lO.dh of E from the Introdnction can be 

written in the following form: 


0 


B 


-1 


B 


-1 

<0 


( 0+ 

a\ 

df^ 

/3 

[ 0 

7/ 


> ^p(ci - 3) © 5° © m'i 


(0 , d+ , p) 


» 


where m' = + r — 2. One dednces an exact seqnence: 

where G is the cohomology of the monad : 

(a\ 


(3.1) 


0 


BPI 


\lJ 


> ^p(ci - 3) © 


(0 , , p) 

m' iZp - P- - )■ B^ 


0 


Since H*(L'^) = 0, i = 0, 1, it follows that H*(G^) = 0, z = 0, 1, and this is eqnivalent to 
the fact that: 

is an isomorphism. Up to an antomorphism of m' ffp, one can assnme that 7 is the dnal 
of the evalnation morphism: 

©fc ^p • 

It follows that there exist a' : m' ffp —>■ i^p(ci —3) and j3' : m'0'p —)■ snch that a = a '07 

and {3 = /?' o 7 . One dednces that the monad fl3.ip is isomorphic to: 

/ 0 \ 

0 

\z) ^ ^ (0 , < , p') 


p —IV 

B<o 


B 


-1 

<0 


A ^p(ci-3)©S)^©m'i^p 


> B^ 


0 


0 
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with p' = p + o fi'. It suffices, now, to cancel the direct summand of 

and the corresponding direct summand of m! One gets, in particular, that the integer 
m from the statement is equal to m' — m_i = tuq — m_i + r — 2. On the other hand, 
m = h°(i?r^^) whence the formula for r. □ 

Lemma 3.2. Let F he the kernel of an epimorphism e : @^^Q^p3{—di) —)■ with 

1 < do < ■ ■ ■ < da- Then F{t) is globally generated if and only if t > d 2 + d^. 

Proof. Using the Koszul complex associated to £ one sees easily that F(d 2 + d 3 ) is globally 
generated. 

On the other hand, let fi E Il°(^p3(dj)), i = 0,... ,3, be the polynomials dehning e. 
Restricting F to the complete intersection C dehned by fo and /i, one gets: 

F I O ~ ^c(-do) 0 ^c(-di) © ^c(-d2 - dg) 
from which one deduces that F(d 2 + da — 1) is not globally generated. □ 

Proof of Theorem ld.il We split the proof into several cases according to the form of the 
monad of where Z is the curve occuring in the exact sequence flO.ip from the 

Introduction. 

Case 0. Z = 0. 

In this case E ~ ^p(ci — 3) © ^p(3). 

Case 1. Z is a line. 

In this case, by Lemma [3.11 one has an exact sequence: 

0 —^ ^p(l) —^ ^p(ci - 3) © 2^p(2) —>E —^ 0 . 

Since we are on P^, this is possible only if ci = 4 and E ~ 2^p(2). But, then, I1°(F(—ci + 
2 )) 7 ^ 0, which contradicts our hypothesis, hence this case cannot occur. 

Case 2. Z is a complete intersection of type (a, b), with 1 < a < b < 3 and a + b > 3. 

In this case, by Lemma IRTI ^p(ci — 3) is a direct summand of E. 

Case 3. Z is directly linked to a line by a complete intersection of type (2,2). 

In this case, ^z{^) admits a resolution of the form: 

0 —^ 2^p —^ 3^p(l) —^ ^z(3) —^ 0 

hence, by Lemma 13.11 ^p(ci — 3) is a direct summand of E. 

Case 4. Z is as in Prop. ll.lf iil-fivL or as in Prop. ll.2r il-fiiiL or as in Prop. 11.31 

In this case, by Lemma 13.11 i^p(ci — 3) is a direct summand of E. Indeed, it suffices to 
notice that if Z is as in Prop. Il.lf iv) then cFz(3) admits a monad of the form: 

0 —^ 3^p —^ 5^p(l) —^ ^p(2) —^ 0 

and if Z is as in Prop. I1.2l iiii then =F^(3) admits a monad of the form: 


0 
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Case 5. Z is as Y in Prop. I2.9r iv)-fv) or as X in the second part of the conclusion of 
Prop. I2.10[ 

In all these cases it follows, from Lemma 13.11 that E has rank 2 hence it can be realized 
as an extension: 

0 —^ ^p(ci - 3) — > E —^ J^z(3) —^ 0. 

One deduces that Z is l.c.i. and that ojz — — ci). Since xi^z) = —xi^z) one 

deduces, from Riemann-Roch on Z, that 

(ci - 2 )degZ = 2x{^z) ■ 

Notice, also, that C 2 = degZ + 3(ci — 3) and that xi^z) depends only on the numerical 
shape of the monad of J^z(3). 

Subcase 5.1. Z as Y in Prop. I2.9f ivi with i = 0. 

In this subcase, degZ = 3 and, in order to compute xi^z), one may assume that Z is a 
triple structure on a line L with I = 0 and m = 0 (notation as in Subsection lA.Sp . hence 
with as an ^^-module. One gets x{^z) = 3, hence Ci = 4 and C 2 = 6 . It 

follows that Ci(L^(—2)) = 0, C2{E{—2)) = C 2 — 2ci + 4 = 2 and, since II°(L^(—2)) = d, E 
is stable. 

Subcase 5.2. Z as Y in Prop. I2.9f iv) with i = 1. 

In this subcase, degZ = 3 and, in order to compute xi^z), one may assume that Z is a 
triple structure on a line L with I = 0 and m = 1, hence with i^z — 2 ^l © ^l(I) as an 
^L-module. It follows that xi^z) = 4 hence 3 • (ci — 2) =2-4, hence this subcase cannot 
occur. 

Subcase 5.3. Z as Y in Prop. I2.9f v). 

In this subcase, degZ = 3 and, in order to compute x(^z), one may assume that Z is a 
triple structure on a line L with I = 1 and m = 0, hence with ^z — ^liX) ®^l{2) as 
an ^£,-module. It follows that xi^z) = 6 hence Ci = 6 and C 2 = 12 hence Ci(ii^(—3)) = 0 
and C 2 (i?(—3)) = 3. The hypothesis 4)) = 0 and H°(Z(—3)) ^ 0 shows that 

E{—3) is properly semistable. 

We notice, at this point, that if Z is a triple structure on a line L with I = 1 and m = 0 
then coz — 4) (by [HI Prop. 2.3 and § 3.2]) hence a global section of Uzi®} generating 

everywhere this sheaf dehnes an extension: 

0 —y —y E —y tYz —t 0 

with E a properly semistable rank 2 vector bundle with Ci{E) = 0 and C 2 {E) = 3. Notice 
also that, conversely, if F is a properly semistable rank 2 vector bundle with these Chern 
classes then the zero locus Z of the unique nonzero global section of F is a triple structure 
on a line L with I = 1 and m = 0. Indeed, degZ = 3 and ujz — ^z(—4). Z cannot be 
reducible because, in that case, one would have Z = X U L, with L a line and X a curve 
of degree 2 such that the scheme F = X fl L is 0 -dimensional (or empty) and in this 
case it is well-known that uJz | L ~ wl © ^l{D) and this would contradict the fact that 
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Uz — ^z(—4). It remains that Z is irreducible. Z cannot be reduced hence Z is a triple 
structure on a line L. Since Z is hc.i. it follows that m = 0 (by [HI § 3.3]) and the 
condition ujz — 4) implies, now, that I = 1 (by P, Prop. 2.3]). 

Subcase 5.4. Z as X in Prop. 12.101 with z = 0. 

In this subcase degZ = 2 and Z is either the union of two disjoint lines or a double 
structure on a line L with I = 0 (notation as in Subsection IA.4|) . It follows that xi^z) = 2 
hence ci = 4 and C 2 = 5 hence ci(Z(— 2 )) = 0 and C 2 (Z(— 2 )) = 1 . Since, by hypothesis, 
H°(£'(—2)) = 0, E{—2) is stable. It is, actually, a nullcorrelation bundle. 

Subcase 5.5. Z as X in Prop. 12.101 with i = 1. 

In this subcase, degZ = 2 and Z is a double structure on a line L with / = 1. It 
follows that xi^z) = 3 hence ci = 5 and C 2 = 8. One gets that ci(Z(—3)) = —1 and 
C 2 (Z(—3)) = 2. The hypothesis Il°(i?(—3)) = 0 implies that E{—3) is stable. These 
bundles were studied by Hartshorne and Sols [19] and, independently, by Manolache [24] . 

Case 6. Z is as Y in Prop. flMiu). 

In this case, by Lemma 13.11 one has an exact sequence: 

ix) 

0 —^ <^p(l) ^-4 ^p(ci -3)©F — > E —^0 


where E is defined by an exact sequence: 


u , 


3^p(2) © ^p(l) —> ^p(3) —> 0 


Since any global section of E{—1) vanishes along a line in P^, it follows that Ci = 4 and 
that 0+ is an isomorphism hence that ~ F. Now, up to a linear change of coordinates, 
one can assume that the hrst three components of are xq, xi, X 2 and then, modulo 
an automorphism of 3(^p(2) © ^p(l) invariating 3^p(2), one can assume that the fourth 
component of is 

Case 7. Z is as in Prop. 12.81 

In this case, an argument similar to that used in Case 6 , shows that Ci = 4 and that one 
has an exact sequence : 


E —^ 2^p(2) © 3^p(l) ^ ^p(3) —^ 0 


Since, by Lemma 13.21 the kernel of an epimorphism ^p( 2 ) © 3^p(l) —)• ^p(3) is not 
globally generated, the first two components of d!\. must be linearly independent. Up to 
a linear change of coordinates, one can assume that they are Xq and Xi. Let L C P^ 
be the line of equations Xq = Xi = 0. Since F | L is globally generated, it follows that 
H°(((i(}_ Iinduces an isomorphism H°(3 i^l) 4 II°(^i( 2 )) (because, otherwise, 
F I L ~ 2 i^l(2) © ^l(I) © i^l(— 1)). Now, modulo an automorphism of 2^p(2) © 3i^p(l) 
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invariating 2 ^p( 2 ), one can assnme that the last three components of are 0 : 2 X 3 and 

X3. 

Case 8 . Z is as in Prop. I1.2r iv). 

By Lemma Ism one has an exact sequence 0 —)■ i^p(l) —)■ ^p(ci — 3)(BF^E^0 with 
F the cohomology of a monad : 


\uj ((i° v) 

0 —^ ^p(-l) 2 ^p( 2 ) © 2 ^p(l) © 4^p U ^p(3) —^ 0 

where u : ^p(— 1 ) —> 4^p is defined by xq, ... ,^3 and d® : 2 ^p( 2 ) © 2 ^p(l) —>■ i^p(3) 
is an epimorphism (by the proof of Prop. ll.2f iv)L Up to a linear change of coordinates 
and an automorphism of 2 ^p( 2 ) © 2 i^p(l), one can assume that d° is defined by Xq, Xi, 
x|, x\. Modulo an automorphism of 4i^p, one can continue to assume that u is defined 
by Xq, ... ,X 3 . Since ) is obviously surjective, v : 4i^p —)■ i^p(3) factorizes through 

d^. One deduces that, modulo an automorphism of 2 i^p( 2 ) © 2 i^p(l) © 4i^p invariating 
2 i^p( 2 ) © 2 ^p(l) and whose component 4^p —)■ 4^p is id 4 ^, one can assume that n = 0 . 
F occurs, now, as the cohomology of a monad: 

\u (», 0 ) 

0 —y i^p(—1)- y 2^p(2) © 2i^p(l) © 4i^p- y i^p(3) —y 0 

where u is dehned by xq, ... ,X 3 and p = d° by Xq, Xi, x^, Xg. Since the unique global 
section of F(—1) vanishes along the line xq = xi = 0 it follows that ci = 4 and F ~ F. 
Let K = Kerp and let s : i^p(—1) —)■ iP be the morphism induced by (0, 0, —Xg, x^) : 
^p(—1) 2^p(2) © 2^p(l). Using the Koszul complex associated to xq, xi, x|, x|, 

one sees that there exist a constant c E k and a morphism cr : 4i^p —)• iL such that 
s' = cs + a o u. It follows that the above monad is isomorphic to the monad: 


0 


- 1 ) 


(n 0) 

> 2i^p(2) © 2i^p(l) © 4^p ’ > i^p(3) 


0 . 


If c = 0 then one would get F ~ iL©Tp(—1) which is not possible because, by Lemma l3^ 
K is not globally generated. It remains that c 7 ^ 0 hence one can assume, actually, that 
c = 1 . □ 


We extend, next. Theorem 10.11 to higher dimensional projective spaces. At a certain 
point of this extension we shall need the following result of Barth and Ellencwajg [H 
Thin. 4.2], for which we provide a different proof, based on the results of Mohan Kumar, 
Peterson and Rao [21]. 

Theorem 3.3 (Barth, Elencwajg). There exists no stable rank 2 vector bundle E on 
with Chern classes ci = 0 and C 2 = 3. 

Proof. Assume that such a vector bundle E exists. According to Barth [7] , the restriction 
Eh of F to a general hyperplane iL C P^ is stable. If F is a stable rank 2 vector bundle 
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on with Ci(F) = 0 and C 2 {F) = 3 then the possible spectra (see [TH Sect. 7]) of F are 
(0,0,0) and (—1,0,1). In the former case H^(F(Z)) = 0 for Z < —2 and h^(F(—1)) = 3, 
while in the latter case H^(F(Z)) = 0 for / < —3, h^(F(—2)) = 1 and h^(F(—1)) = 3. 
Moreover, in the latter case, F is the cohomology of a monad of the form: 

0 -^ l^p3(-2) -^ ^p3(-l) © 2^p3 © ^P3(l) -^ I^p3(2) -^ 0 

(see Ein m Thm. 3.3(a)]) hence, in particnlar, the graded modnle H^(F) is generated 
by H^(F(—2)). If F is properly semistable then, as we saw in Snbcase 5.3 of the proof of 
Thm. 10.11 F can be realized as an extension: 

0 —y Gfz —>■ F —v t 0, 

where Z is a triple strnctnre on a line L C P^ snch that Gz — © Gl{1) © Gl{2) as an 

^L-algebra. One dednces that in this case H^(F(Z)) = 0 for Z < —3, h^(F(—2)) = 1 and 
1/(F(-1)) = 3. 

Claim 1. H^(E(Z)) = 0 for I < -2. 

Indeed, consider a hyperplane C P'^ snch that Eh is stable. By [3l Lemma 1.16(a)], 
H^(£'(Z)) = 0 for Z < —3 and H^(i7(—2)) injects into 11^{Eh{—2)). If Eh has spectrum 
(0,0,0) then H^(i 7 j 7 (—2)) = 0 hence H^(i7(—2)) = 0. If the spectrum of Eh is (—1,0,1) 
and H^(i7(— 2 )) ^ 0 then H^(i7(— 2 )) IV-{Eh{—2)). Since, as we recalled above, 

the module }11{Eh) is generated by H^(£'/i-(— 2 )) it follows that the map H^(i7(Z)) —>■ 
B.^{Eh{1)) is surjective for any Z G Z hence, by [31 Lemma 1.16(b)], B.l{E) = 0. But this 
contradicts Mohan Kumar et ah 1211 Thm. 1] because E is not decomposable. 

Claim 2. tf(E(Z)) = 0 /or Z > -1. 

Indeed, since H°(i7(—1)) = 0 and H^(i7(—2)) = 0, it follows that for every hyperplane H C 
P^ one has H°(i7j:f(—1)) = 0, i.e.. Eh is semistable. It follows, by what has been said at 
the beginning of the proof, that h^(i7i^(— 1 )) = 3 and }1^{Eh{1)) = 0 for Z < —3, ViL C P^ 
hyperplane. Since Efj ~ Eh one deduces, by Serre duality, that H^(£'ji/(Z)) = 0 for Z > — 1 , 
ViL C P^ hyperplane. It follows that for any 0 7 ^ Zi G H°(^p 4 (l)), the multiplication 
by h : H^(i7(—2)) —> H^(i7(—1)) is surjective and that h^(i7(—2)) < h^(i7(—1)) + 3. 
Assume that H^(i7(— 1 )) 7 ^ 0. Applying the Bilinear map lemma [HI Lemma 5.1] to 
H2(E(-1))^ X H°(^p 4 ( 1 )) ^ B.\E{-2)y one deduces that h\E{-2)) > h\E{-l)) + A, 
which contradicts a previously established inequality. It thus remains that H^(i7(—1)) = 0. 
Since for any hyperplane 77 C P^ one has II?{Eh{1)) = 0 for Z > — 1 one gets the claim. 

Claims. H2(E) ~ 7(3)©7(2). 

Indeed, by Serre duality and the fact that E ~ E'^, H^(i7(Z)) = 0 for Z < —4. Using 
Riemann-Roch (see, for example, 13 Thm. 7.3]), one gets h^(£'(—2)) = x{E{—2)) = 1. 
By Serre duality again, h^(i7(—3)) = h^(i7(—2)) = 1. It remains to show that, for every 
h G H°((^p 4 (l)), the multipliction by h : H^(i7(—3)) —)■ H^(i7(—2)) is the zero map. Recall 



SPACE CURVES AND VECTOR BUNDLES 


27 


that the cup product: 


- U - : H2(E(-3)) X H2(E(-3)) ^ H^((A^)(-6)) ~ HA^p4(-6)) 

2 

is skew-symmetric (because — A — : E x E ^ f\E is). If 0 A ■C ^ 3)) then: 


he U e = h(e U 0 = 0 . 


2 

Since, on the other hand, the cup product 2)) x 3)) —H"‘((A-E)(—5)) ~ 

H^(^p4(—5)) ~ fc is a perfect pairing (by Serre duality), it follows that = 0. Claim 3 
is proven. 


At this point one can invoke Mohan Kumar et ah [2T1 Thm. 2] and deduce that the 
bundle E cannot exist. However, since our situation is very concrete, we shall also provide 
a slightly different argument. One has, by Riemann-Roch, h^(ii^(—1)) = —x(ii^(—1)) = 2 
and hA^) = -x{E) = 6. Since HA^(-I)) = 0, HA^(-2)) ~ }l\E{-3)y = 0 and 
H^(£'(—3)) ~ H°(ii^(—2))^ = 0 it follows from the Castelnuovo-Mumford lemma (see, for 
example, [31 Lemma 1.21]) that the graded module H^L^) is generated in degrees < 0. 
By Barth’s restriction theorem, there exists a 2-plane H C such that Eu is stable, i.e., 
such that H°(i?n) = 0. It follows that, for every hyperplane H D H, 11^{Eh) = 0. If h = 0 
is the equation of such a hyperplane, then the multiplication by h : H^(i?(—1)) —H^(ii^) 
is injective. Applying the Bilinear map lemma [131 Lemma 5.1] to /i : H^(ii^(—1)) (8) 
H°(^n(l)) —t II^(E) one gets that dim Imp >3. One deduces that the graded module 
Hi (if) has two minimal generators in degree —1 and at most three minimal generators 
in degree 0, whence a surjection 2S'(1) © 35* —)■ Hi (if). Since E'^ ~ if, one deduces a 
surjection 2S'(1) © 35* —)■ Hl(if^). Using Horrocks’ method of “killing cohomology”, one 
gets that E is the cohomology of a monad of the form: 

o 0 

0 —^ 3^p4 © 2^p4(-l) ^ ^ ^ 2^p4(l) © 3^p4 —^ 0 , 

where is a vector bundle of rank 12, with Hl(^) = 0, = 0 and H^(^) ~ Hi (if). 

It follows that ^ ~ fip4(3) © r2p4(2), hence E is the cohomology of a monad of the form: 

0 —3^p4 © 2^p4(-l) H1,4(3) © Hp4(2) 2^p4(l) © 3^p4 —0 . 

Claim 4. Such a monad cannot exist. 


Indeed, a maps into 11^(3) and 0 maps 11^(3) into 2(^(1). Consequently, the monad 
has a sub complex of the form: 

' 0 ' 

0 — >3ff 00{3) ^ 2^(1) —^ 0. 

Let E := Coker Q!'(—1). F is a Tango bundle on P"^. It is well-known that H°(F^) = 0. 

2 

The usual argument is the following one : since rkF = 3 and ci(F) = 0 one has ~ /\E. 
The second exterior power of the resolution: 
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2 

of F is a resolution of /\F of the form: 

0 ^ 5^(-5) ^ ^ 35^(-3) ^ A(7^(-1)) ^ ^ 0 

7^(-4) 

2 

from which one gets that H°(AF) = 0. Since = 0 it follows that there is no non¬ 

zero morphism f3' : ^2^(3) —?■ 2^(1) such that (3' o a' = 0. Since there is no epimorphism 
12^(2) —)• 2^(1) © 3^, a monad of the above form cannot exist. □ 

Ballico and Chiantini [U Prop. 3] showed, moreover, that there is no strictly semistable 
rank 2 vector bundle on with Chern classes ci = 0 and C 2 = 3. The key point of their 
proof is the following lemma, for which we provide a different argument. 


Lemma 3.4 (Ballico, Chiantini). Let Y be a locally complete intersection subscheme of 
P^, of degree 3, supported on a plane If C P^. Then Y is a complete intersection of type 

(1,3). 


Proof. Let S = k[xQ, Xi, X2, x, y] be the projective coordinate ring of P^ and assume that fl 
is the plane of equations x = y = 0. Let L C P^ be the (complementary) line of equations 
xo = xi = X 2 = 0 and let vr : P^ \ L —)■ If be the linear projection. If ^ is a locally CM 
coherent i^p-module supported on 11 then F := is a locally free i^n-module. The 
reduced stalk F{z) of F at a point z G LI can be described geometrically as follows: let LI' 
be the plane spanned by z and L. If LI' has equations f = i" = 0 with i', i" G k[xo,Xi, X 2 ]i 
then i', £" generate the maximal ideal mn,^ of ^U,z hence: 

F(^) := FAmn,.F, ~ ~ ^ • 


Notice also that if £ G k[xo, xi, X 2 ]i has the property that i{z) A 0 then i, £" is a fc-basis 
of A)[xo,xi,X 2 ]i, f', X, y is a fc-basis of II°((^n'(l)) 2 ; is the point of LI' of equations 

X = y = t). 

Let us, now, prove the lemma. Consider the rank-2 locally free ^n-module E : = 
7r*(dA[/-A") and the two morphisms rj : E ^ E{1) obtained by applying tt* to the 
morphisms x y ■ — : J'y —)■ (jA[/=A")( 1), respectively. Let 2 ; be a point of 11 and 

let LI' be as above. Since any locally complete intersection subscheme of LI' of degree 3, 
supported on 2 ;, is a complete intersection of type (1, 3) in If' it follows that there exist 
linearly independent linear forms x', y' G A)[x, j/]i such that LI' fl F is the subscheme of 
If' whose homogeneous ideal is generated by x'^ and y'. Working with ideals of the ring 
(^n', 2 , the observation from the beginning of this proof shows that: 


m/ N {x^y) 1 T X T /X {x.yY + ix''^,y') {x'‘^,y') 

E{z) ~ -- and Im ,^( 2 ;) + Im r]{z) ~-^- 7 ^—^-~ ^- 7 ^—^ ~ k . 


(x'3,2/') 


(x'3,?/') 


(x'AA) 


It follows that Im^ + Imr; ~ ((-Ai + J^y)/J^y)(l) is a line subbundle of F(l) hence: 

— ^n{b) and E ~ ^n(a) © ^n{b) 


A. + A ^ •'n 


X, 


y 




y 
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for some a, b E Tj. Since we have epimorphisms: 


m 


1 ^ 


A' + 


and {x, y) : 2 




n 








y 


( 1 ) 


it follows that h = —1 and a +1 = 6, hence a = —2 and E ~ ^ji{—2) © Using the 

exact seqnence 0 —)■ J’y 0 one dednces, now, that H°(e/y(l)) ^ 0, 

whence the conclnsion of the lemma. □ 


Proposition 3.5. Let E he a globally generated vector bundle on P”, n > 4, with ci > 4 
and such that W{E^) = 0, i = 0, 1. Let U G be a fixed ?>-plane. Assume that 
H°(U(—Cl + 2)) = 0 and that H°(Un(—Ci + 3)) ^ 0. Then one of the following holds : 

(i) E ~ ^p(ci —3)®£'' where E' is a globally generated vector bundle with Ci{E') = 3 ; 

(ii) n = A, Cl = 4 and E ~ Tp4(—1) © np4(2); 

(iii) n = 5, Cl = 4 and E ~ hips(2): 

(iv) n = 4, Cl = 4 and, up to a linear change of coordinates, denoting by {Cp, 6p)p>o 
the Koszul complex associated to the epimorphism ^i : 4i^p4(—1) © i^p4(—2) -E- ^p4 
defined by Xq, ..., x^, x^, one has exact seguences: 

0 —^ ^p4(-2) ^P4 © 4^p4(-1) 4^p4(1) © 6^p4 ^ E' ^ 0 

O^E ^E' ^ ^P4(2) —^ 0 

where : E' ^ ^p4(2) is any morphism with the property that 1)) : 

1)) —)■ H°(^p4(l)) is injective {such morphisms exist and are automat¬ 
ically epimorphisms). 

The bnndle from item (iv) of Prop. 1X51 appeared for the hrst time, constructed differently, 
in the paper of Abo, Decker and Sasakura [T]. 

Proof It follows from P Prop. 2.11] that H°(Un(—Ci + 2)) = 0. One has En ~ G©f^n, 
with G defined by an exact sequence 0 ^ sffu ^ E ^ G ^ 0 where F is a globally 
generated vector bundle on II such that H*(F^) = 0, i = 0, 1 (see, for example, [H 
Sect. 1]). It follows that E is one of the bundles described in the statement ofTheorem l0.il 

Case 1. F ~ ^n(ci — 3) © F' with cfiE') = 3. 

As we said in the Introduction, the bundles E' were classihed by Anghel and Manolache [2] 
and, independently, by Sierra and Ugaglia [Mj. A concise description of this classihcation 
can be found in [3l Thm. 0.1]. Except when E' contains On (2) as a direct summand, [H 
Lemma 1.18] implies that F is as in item (i) of the statement of the proposition. 

If F' ~ ^n(l) © On(2) then [3l Lemma 1.19] (and [3l Remark 1.20(c)]) implies that 
n = 4 and F ~ ^p4(ci — 3) © r2p4(2) or ci = 4, n = 5 and F ~ Dps (2). 

If F' ~ Tn(—1) © Dn(2) then [Sj Lemma 1.19] (and [3l Remark 1.20(c)]) implies that 
n = 4 and F ~ ^p4(ci — 3) © Dp4(3) or ci = 4, n = 4 and F ~ Tp4(—1) © Dp4(2). 


Case 2. E as E in Theorem lO.lf iiL 
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This case cannot occur. Indeed, assume the contrary. Then [3[ Cor. 1.5] would imply that 
there exists a rank 2 vector bundle on with Chern classes Ci = 0 and C 2 = 1 or with 
Chern classes ci = 0 and C 2 = 2. But this would contradict Schwarzenberger’s congruence 
asserting that the Chern classes of a coherent sheaf on P^ satisfy the relation: 

( 2 ci + 3 )(c 3 — C 1 C 2 ) + C 2 + C 2 = 2 c 4 (mod 12 ) 

(see, for example, [Sj Cor. 7.4]). 

Case 3. F as E in Theorem lO.lf iii). 

This case cannot occur. Indeed, in order to show this, one can assume that n = 4. 
Since II^(F^) = 0, [3l Lemma 1.17(a)] implies that t = 0. Moreover, s = 0 because 
C 3 {F) = 2 7 ^ 0. Now, applying [3l Lemma 1.16(a)] and |3l Lemma 1.14(b)] to F'^ one 
derives the existence of an exact sequence 

0 — }■ E — y 3^p4(2) 0 ^p4(l) — y ^p4(3) — y 0 . 

But this is not possible because there is no epimorphism 3 ^p 4 ( 2 ) © (^p 4 (l) —)■ (^p 4 ( 3 ). 

Case 4. F as E in Theorem lO.lf ivL 

This case cannot occur. Indeed, in order to prove this, one can assume that n = 4. It 
follows, as in Case 3, that f = 0. Moreover, F has rank 4 and C 3 (F) = 4 7 ^ 0 hence s < 1. 
If s = 0 then, as in Case 3, there exists an exact sequence: 

0 — >E —^ 2^p4(2) © 3^p4(l) ^ ^p4(3) —^ 0 . 

Let C C P^ be the complete intersection 1-dimensional subscheme of P^ with the property 
that <yc(3) is the image of the restriction 2 ^p 4 ( 2 ) © ^p 4 (l) —)• ^p 4 ( 3 ) of e. It follows that 
E I C ~ 20'c{2) © <^c(l) ® ^c(~l) hence | C is not globally generated, a contradiction. 

If s = 1 then E is a rank 3 vector bundle on P^ with Chern classes ci = 4, C 2 = 7, 
C 3 = 4. But this would contradict Schwarzenberger’s congruence. 

Case 5. F as E in Theorem lO.lf vL 

In this case, the proof of [3l Prop. 7.11] (more precisely, the Cases 7 and 8 of that proof) 
shows that n = 4 and that E is as in item (iv) of the statement of our proposition. 

Case 6 . F as E in Theorem lO.lf vi). 

This case cannot occur : one uses the same kind of argument as in Case 2 . 

Case 7. F as E in Theorem, lO.lf vii). 

This case cannot occur. Indeed, assume the contrary. Choose a 4-plane P^ C P” containing 
n. The last part of [3l Cor. 1.5] would imply that there exists a rank 2 vector bundle E' 
on P^ with Chern classes Ci{E') = 0 and C 2 {E') = 3 such that i7' 111 is strictly semistable. 
The result of Barth and Ellencwajg recalled above (Theorem 13.3p implies that E' must 
be strictly semistable. But, according to Ballico and Chiantini [U Prop. 3], this is not 
possible, either. Their argument runs as follows : one must have an exact sequence: 
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where K is a locally complete intersection closed snbscheme of P^, of codimension 2 and 
degree 3. As we noticed in Snbcase 5.3 of the above proof of Theorem 10.11 if if C P^ is a 
hyperplane cutting Y properly then the subscheme HnY of if ~ P^ must be supported on 
a line. One deduces that Y is supported on a plane in P^. Lemma [3.41 implies, now, that 
F is a complete intersection of type (1,3), hence E' is a direct sum of two line bundles. 
But this is not possible because the system of equations a + b = 0 and ab = 3 has no 
integer solutions. □ 

Remark 3.6. As we recalled in Case 7 of the proof of Prop. 13.51 Ballico and Chiantini 
used their Lemma IXTI to show, in connection with Thm. l3.3l of Barth and Ellencwajg, that 
there exists no rank 2 vector bundle E on P^, with Chern classes Ci{E) = 0, C 2 {E) = 3 
such that H°(i7) ^ 0 and H°(i7(—1)) = 0. One can push this kind of results one step 
further by showing that there exists no rank 2 vector bundle E on P^ with those Chern 
classes such that H°(i7(—1)) 7 ^ 0 and H°(i7(—2)) = 0. 

Indeed, assume that such a bundle exists. Then it can be realized as an extension: 

0 — y ^p 4 (l) — y E — y eFy(—1) — y 0 

where F is a l.c.i. closed subscheme of P^, of pure codimension 2, of degree 4, with 
Uy — ^y(—7). Let if C P"^ be a hyperplane cutting properly Fred and X := if 0 F. One 
has an exact sequence : 

0 ^h(I) ^Eh^ ^ 0 . 

A is a l.c.i. curve in if ~ P^, of degree 4, with ux — — 6 ). The last condition 

implies that X cannot be reduced and irreducible. Moreover, X cannot have a reduced 
component. Indeed, if this would be the case then X would have as a component a line 
or a (nonsingular) conic and the argument used in Subcase 5.3 of the proof of Thm. 10.11 
would show that this contradicts the condition ujx — It thus remains that X is 

either the union of two double lines or a double conic or a quadruple line. It follows that 
Fred is either: (i) the union of two planes or (ii) a nonsingular quadric surface or (iii) a 
quadric cone or (iv) a plane. 

In case (i) the two planes should intersect along a line (see, for example, [121 Thm. 18.12]). 
Consequently, in the first three cases, Fred is a reduced complete intersection of type (1, 2) 
in P^ and F is a double structure on it. Let Y' be the residual of Frsd with respect to the 
l.c.i. scheme F. One has, by definition: 

JyilJy ~ YtYome^^Gy^^^, Gy) ~ ® ~ ^y.ed(5) • 

Using the exact sequence 0 ^Fed(5) Gy —)■ Gyr —)■ 0 and Hilbert polynomials one 

deduces that degF' = degF — deg Fred = 2. Since Fred F F' and since F' is locally CM 
it follows that F' = Fred. Since there is no epimorphism: 

^y,js) 

none of the first three cases can occur. 
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In case (iv) the results of Manolache [26] show that K is a complete intersection which 
implies that is a direct sum of line bundles. But this is not possible because E has 
Chern classes ci = 0 and C 2 = 3. 

Lemma 3.7. Let E be a globally generated vector bundle on with Chern classes ci = 4 
and C 2 < 8 . Then there exists a hyperplane if C P"^ such that Il°(il^//(—1)) 7 ^ 0. 

Proof. Assume the contrary, namely that Il°(il^iif(—1)) = 0 for any hyperplane H C P^. 
For each hyperplane if C P^ one has an exact sequence: 

0 —^ (r - 2)ffH — tEn —t ^( 2 ) —^ 0 

where r = ikE and with ^ a rank 2 reflexive sheaf on H with ci{^) = 0, C 2 {<^) = 
C 2 — 4 < 4 and = c^{E) =: C 3 . The condition }1^{Eh{—1)) = 0 is equivalent to 

= 0. In particular, ^ is stable (that is, Il°(.^) = 0). 

By [Ill Thm. 8 . 2 (b)], Il^(^(/)) = 0 for / > C 2 (^) — 3. In particular, Il^(^(l)) = 0 . 
Since, by Serre duality and the fact that ~ H^(.^(l)) = 0, the Riemann-Roch 

theorem (recalled in [S] Thm. 4.5]) implies that: 

2xiW)) - 3 c2(^) + ^C 3 (^) = x(^(l)) = -h'(^(l)) < 0 , hence ^03 < 3 c 2 - 20 . 

Recall that C 3 > 0 and that C 3 = 0 (mod 2). It follows that either C 2 = 7 and C 3 < 2 

or C 2 = 8 and C 3 < 8 . Looking at the beginning of the proof of [31 Prop. 5.1] and of [31 

Prop. 6.3] (where some spectra are eliminated) one sees that one of the following holds: 

(i) C 2 = 7, C 3 = 0 and ^ has spectrum (0, 0, 0); 

(ii) C 2 = 7, C 3 = 2 and ^ has spectrum (0, 0, — 1); 

(iii) C 2 = 8 , C 3 = 0 and ^ has spectrum ( 0 , 0 , 0 , 0 ); 

(iv) C 2 = 8 , C 3 = 0 and ^ has spectrum ( 1 , 0 , 0 , — 1 ); 

(v) C 2 = 8 , C 3 = 2 and ^ has spectrum ( 0 , 0 , 0 , — 1 ); 

(vi) C 2 = 8 , C 3 = 4 and ^ has spectrum (0, 0, —1, —1); 

(vii) C 2 = 8 , C 3 = 6 and ^ has spectrum ( 0 , — 1 , — 1 , — 1 ); 

(viii) C 2 = 8 , C 3 = 8 and ^ has spectrum (— 1 , — 1 , — 1 , — 1 ) ; 

(ix) C 2 = 8 , C 3 = 8 and ^ has spectrum ( 0 , — 1 , — 1 , — 2 ). 

The cases (iii) and (iv) can be eliminated using [31 Cor. 1.5] and Schwarzenberger’s con¬ 
gruence (recalled above). Case (ix) cannot occur, either, indeed, one has, in this case, 
h^(.^(— 1 )) = 1 , h^(^) = 0 (by the definition of the spectrum) and h^(^) = 2 (by 
Riemann-Roch). One deduces, using the exact sequence of the hyperplane section, that 
there exist planes P C if ~ P^ such that H^(^p) 7 ^ 0. For such a plane one has 
h°(.^p(l)) > 3. Since h^(^) = 2 it follows that h°(.^(l)) > 1, a contradiction. 

Let us assume, from now on, that one of the remaining cases holds. 

Claim 1 . H^(P(/)) = D for I < -2. 

Indeed, if h is a non-zero linear form on P*^ and if C P^ is the hyperplane of equation 
h = 0 then one has an exact sequence: 

0 = H°(Pp(-l)) il\E{-2)) -h Hi(P(-l)) ^ Hi(Pp(-l)). 
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The Bilinear map lemma [T8l Lemma 5.1] implies that if 2)) ^ 0 then h^(ii^(—1)) > 

h^(i?(—2)) + 4. On the other hand : 

h\Ei-l)) - h\Ei-2)) < h^EHi-l)) = h'(^(l)) = 3 c2 - 20 - ^C3 < 3 

and this is a contradiction. It thus remains that 2)) = 0. 

Using the exact sequence Yi^^Enil + 1)) —)■ ^ H^(£'(/ + 1)) one shows now, 

by descending induction, that = 0 for / < —2. 

Claim 2. H2(E(-3)) = 0. 

Indeed, using the notation from the proof of Claim 1, one has an exact sequence: 

0 Hi(Ej,(-3)) B.\E{-4)) H2(E(-3)) ^ B.\EHi-3)). 

But }1^{Eh{—^)) — 1)) = 0 (by the dehnition of the spectrum). The Bilinear 

map lemma [T8l Lemma 5.1] implies, now, that if 3)) ^ 0 then h^(T^(—4)) > 

h^(i?(—3)) + 4. On the other hand 

h\E{-4)) - h\E{-3)) = h\EH{-3)) = < 3 

and this is a contradiction. It remains that II^(T^(—3)) = 0. 

Claim 3. = t) for I > -4. 

Indeed, }i^{EH{l)) — + 2)) = 0 for I > —3 hence, by [U Lemma 1.16(b)], 

B.^{E{1)) = 0 for / > -4. 

Finally, IL^(i?(—5)) ~ Il'^(i?^)^ = 0. Taking into account the above claims it follows that 
E is {—l)-regular. But this contradicts the fact that H°(ii^(—1)) = 0. □ 

Theorem 3.8. Let E he an indecomposable globally generated vector bundle on n > 4, 
with Cl = 4 and such that II*(i?^) = 0, f = 0, 1. Then one of the following holds: 

(i) E ~ ^p(4) ; 

(ii) E ~ P(^p(4)) ; 

(hi) n = 4 and E as in item (iv) of Prop. \3.^ : 

(iv) n = 5 and E ~ Ops (2); 

(v) n = 5 and E ~ Oj^s (4). 

Proof. Taking into account Lemma 13.71 this follows from Prop. 13.51 above and from [3l 
Prop. 2.4 and Cor. 2.5] and [3l Prop. 2.11]. Notice that C2(Op5(2)) = 7 < 8, that Ops(4) ~ 
F(Op5(2)) and that C2(Op5(4)) = 9 > 8. □ 
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Appendix A. Multiple structures on a line 

We denote, in this appendix, the homogeneous coordinates on by Xo,Xi,x,y hence 
the projective coordinate ring of P^ is S' = k[xo,Xi,x,y]. Let L C P^ be the line of 
equations x = y = 0. Our aim is to provide, for a locally CM space curve Z of degree at 
most 4, supported on L, graded free resolutions for the homogeneous ideal I{Z) C S and 
for the graded S'-module The multiple structures on a smooth curve embedded 

in a threefold, up to (local) multiplicity 4, were described by Banica and Forster [5]. Their 
results were published much later in a simplihed, more conceptual, form in [6]. 

We begin by adapting, to our particular context, the results from 0. Let TT : P^\L' —)■ L 
be the linear projection, where L' is the (complementary) line of equations xo = xi = 0. 
The functor tt* induces an equivalence of categories between the category of coherent ffp- 
modules supported on L and the category of coherent modules ^ endowed with two 
commuting twisted endomorphisms r] : ^ ^(1) (corresponding to the i^p-module 

multiplication by x and y). Under this equivalence, locally CM ^p-modules correspond 
to locally free modules. Recall that if ^ is a locally free i^L-module and is an 
^L-submodule then the saturation of is dehned by j = {^/^') tors- 

If ^ has, moreover, an i^p-module structure as above and if an ^p-submodule then 
^/sat jg (^p-submodule of 

According to [6], a locally CM multiple structure Z on L is called quasi-primitive if 
the morphism J^z ^l !is non-zero, and it is called thick if J'z ^ We consider, 
hrstly, the quasi-primitive case. In this case, there exists a nonempty open subset U 
of L such that, Wz ^ U, there exists a system of parameters {t,u,v) of ^p^^ such that 
‘^L,z = {u,v) and J^z,z = where d is the degree of Z. Banica and Forster dehne 

the Cohen-Macaulay filtration D =^1 D J ^2 ■ ■ ■ D = (0) of ^z by J^i := 

This is a multiplicative hltration in the sense that are ideals of ^z and C 

^i/^i+i is annihilated by hence it is already an ^^-module and, in the quasi-primitive 

case under consideration, is an invertible ^£,-module for i = 0,..., d — 1. 

A.l. Quasiprimitive structures of degree 4. We describe, hrstly, following [B], the 
^L-module structure of ^z- The CM hltration has, in this case, four steps: 

D D J^2 3 ^3 3 (0). 

Moreover, there exists an epimorphism of hltered i^^-algebras e : Gpj Gz- Recall 

that, as an ^^-module, 

GpjJl ~ © 2^i(-l) © 3 ^l(- 2) © 4^i(-3). 

Now, ^tj — Gl{1), for some I G Z. Since there exists an epimorphism 2Gl{—1) ~ 
’^2 if follows that I > —1. Since the multiplication morphisms: 

are nonzero (due to the local structure of the ^^-algebra ^z) it follows that ^ 2 !— 
Gl{21 + m) with m > 0 and ~ ^^(3/ + m + n) with n > 0. The exact sequence: 

^3 ^ ^2 ^ ^2M 0 


0 
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splits in the category of ^L-modules, hence + m) (B + m + n) as 

^L-modules. The exact sequence: 

0 —)■ ^2 —t —)■ ^\l^2 —t 0 

splits in the category of i^i-modules if / > 0. It splits, also, for I = —1 because, in this 
case, the epimorphism e considered above induces a composite epimorphism: 

The same kind of argument shows that Gzj is a direct summand of the 0i^- 
module Gz hence: 


Gz^Gl® Gl{ 1 ) © Gl{21 + m) © Gl {31 + m + n). 

The multiplicative structure of Gz is dehned by two morphisms of ^^-modules: 

(p'J GL{2l + m) 

I^ii-Gl{1)®Gl{1)^^ © , /ii2 : ^L(/)©^L(2/ + m) ^ ^L(3/ + m + n), 

^l( 3/ + m + n) 

with 0 ^ p E p' E + m + n)) and Q ^ q E H°((^L(n)). 

As a graded = /c[a;o, Tij-module, H^(Gz) has a minimal set of generators 1 G 

H^(Gz), ei e H^(Gz(-l)), 62 E H^(Gz(-2l - m)), 63 G H^(Gz(-3l -m- n)). The 
multiplicative structure of is dehned by the relations: 

(AT) el = pe2 + p'es , 6162 = qe^ , 6163 = 0 , 62 = 0 , 6263 = 0 , Cg = 0 . 

The epimorphism Gpa —)■ Gz induces a morphism of graded /c[a;o, Xij-algebras S = 
H°(^p 3 ) —)■ which is completely determined by the images oi x, y E S. Let’s 

say that: 

(A.2) X I —y ae\ © o 62 © n eg , y 1 —y hci © 6 62 © & eg , 

with a, 6 G H°(^i(/©1)), a', b' E H°((^i(2/©m© 1)) and a", b” E H°(^ 2 .( 3 /©m©n©l)). 
The images of the other monomials in the indeterminates x and y can be deduced from 
the multiplicative structure of For example, 

xy HA (aei © a'€2 © a"e^){be\ © b'e2 © b"e^) = pabe2 © {p'ab © q{ab' © a'b))e^ . 

One deduces that the epimorphism £4 : -e induced by e : Gp/^l —)■ Gz is 

dehned by the matrix: 

(A.3) 

/a 60 0 0 0000\ 

I a’ b' pa? pab pb"^ 0 0 0 0 1 

ya" b" p'a? © 2qaa' p'ab © q{ab' © a'b) p'b"^ © 2qbb' pqa? pqa?b pqab"^ pqb^ J 
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Consider the following two determinants : 

a b 0 
a' b' p 
a” b" p' 

One has Ai G + m + 2 )) and A 2 G + 2m + n + 2 )). One can easily 

prove the following: 


(A.4) 


Ai: = 


a b 
a' b' 


, A2 


Lemma A.l. The 3x9 matrix flA.3p considered above defines an epimorphism: 

£4 : 2^l(-1) © 3^l(- 2) © 4^i(-3) —^ ^l(/) © ^l( 2/ + m) © ^^(3/ + m + n) 

if and only if the following three conditions are satisfied: 

(i) a and b have no common zero on L ; 

(ii) Ai and p have no common zero on L ; 

(iii) A 2 and q have no common zero on L. 


Proof. It is helpfnl to notice the following relations: 

—bfp'of + 2qaa') + a{p'ab + q{ab' + a'b)) = aqAi , 

—b(p'ab + q{ab' + a'b)) + a{p'b'^ + 2qbb') = bqAi. □ 


Onr method of hnding a system of generators (and, actnally, even a free resolntion) 
for the homogeneons ideal I{Z) C S' is based on the following observation : one has an 
exact seqnence 0 —)■ —)■ J^z —t ^z/^t 0 ; the kernel of the epimorphism 

£4 : Yi\{yf) = 0, whence an exact seqnence of graded S-modnles: 

(A.5) 0 ^ /(L)^ ^ I{Z) —> H°(Ker£ 4 ) ^ 0 . 

It follows that if one knows the strnctnre of Ker £4 as an ^^.-niodnle (i.e., its Grothendieck 
decomposition as a direct snm of invertible sheaves and one can lift the generators 

of the graded II°((^i) = /c[a:o, a: 1 ]-module II°(Ker£ 4 ) to elements of I{Z) then one can 
complete the system of generators of I{L)'^ to a system of generators of I{Z). 

In order to describe the kernel of £4, we take advantage of the fact that £4 is a mor¬ 
phism of hltered ^L-modules. More precisely, we describe, hrstly, the kernels of the 
epimorphisms £2 : ^l/^l and £3 : —>■ induced by £4. We use 

the algorithmic procedure explained in the next remark. 


Remark A.2. (a) Assume that one wants to describe the kernel of an epimorphism: 


0 = 



Ai B, 


A9 


B, 


(in an abelian category), fi is an epimorphism and 02 factorizes as: 


A2 


T^2 















SPACE CURVES AND VECTOR BUNDLES 


37 


with 772 an epimorphism and 02 a monomorphism. Consider the kernels of 0i and 02, 
that is, consider exact sequences: 



Assume that one can describe the kernel of the epimorphism: 

( p " = (021 O , 020 : 0 ^2 -)■ -02 , 

that is, assume that one has an exact sequence: 



and that we have at our disposal a commutative diagram with exact rows: 

0 -^ K' K —^ K" -^ 0 



Then one gets an exact sequence: 



A'2 A2 B2 


which resolves the kernel of 0. 

Indeed, it suffices to notice that /ii © id^j maps the kernel of 

P' = (021 ° hi ) P2) ■ ^1 ® A2 - > B2 

isomorphically onto the kernel of 0 and to recall the fact that if one has a commutative 
diagram with exact rows: 



then the sequence: 



Y> Y 
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is exact. 


(b) It may happen that the morphism -02 : K” —)■ A '2 dehned above lifts itself to a 
morphism -02 : K” —)■ A 2 (that is, 'K 2 °'>p 2 = Then the above exact seqnence resolving 
Ker 0 becomes: 


K" 


A'. 


hi ° V'l 0 
"02 h2 


dll ^ B, 


0 . 


Ao 


B 2 


Description of Ker £2- The morphism 82 '■ —)■ is defined by the matrix 

(a , b) and one has an exact seqnence : 

/-A 

\ a (a b) 

(A.6) —4 2^^(-l) ^ ’ T ^Lil )—^0 

hence Ker £2 — ^l{—1 — 2). Let ns denote by z/2 the morphism (—&, a)* : <^l(—^ ~ 2) —)■ 
2 ^l(- 1). 

Description of Ker^s. The morphism £3 : 1) © 2) —)■ ^l(/) © ^l( 2Z+ m) 

is defined by the matrix: 

fa b Q 0 0 \ 

\a' b' paf pab pb'^J 

We apply Remark [A . 2 1 wit h Ai = A 2 = 3^l(—2), Bi = B 2 = ^^(2/ + m) 

and with 0 = £3. The kernel of the component 0i : 2^j;^(—1) —>■ of £3 is described by 

the exact seqnence flA.bp (becanse (fi = 82 ), the component 02 : 3^l(—2) —)■ ^l {21 + m) 
of £3 decomposes as: 

3^l(- 2) ^ \ ^i(2 /) -4 ^l( 2/ + m) 

and its kernel is described by the exact seqnence: 


f-b 0 \ 
a —b 

V 0 a ) (a^ ab 6^1 

(A.7) 0 ^ 2^l{-1 - 3) --4 3^l(-2) - '—A ^l{21) ^ 0 . 

The morphism £3 : ^l(—/ — 2) © 0’l{21) —)■ ^l( 2/ + m) associated to £3 as in Remark [A.21 
(where it is denoted by 0 ") is dehned by the matrix (Ai, p) and its kernel is described 
by the exact seqnence : 


0 —)■ — m — 2) 


p 

-Ai 


> ^l(-/ - 2 ) © ^l( 2 /) 


(Ai, p) 


» ^l( 2 / + m) —)■ 0 


It follows, from the exact sequence flA.7D . that, for f > 3Z + 2, any element of Il°(^ 2 ,(f)) 
can be expressed as a combination of a^, ab, 6 ^. Since Ai G H°((^i(3/ + m + 2 )) one 
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deduces that there exist polynomials vq, ui, V 2 G + m)) such that: 

(A. 8 ) — Ai = vga^ + Viab + ^ 26 ^ . 


It follows that the morphism : ^l{—^ — m — 2) —)■ dehned by —Ai lifts to 

the morphism 'ip 2 ■ ^l(—/ — m — 2 ) —)■ 3^l{—2) dehned by (uq , Ui, ^ 2 )*- Applying, now, 
Remark lAAf b) one gets an exact sequence: 

^L{-l-m-2) 2 ^i(-l) ^^(/) 

(A.9) 0 —^ © ^©^ © —^0 

2^i(-/-3) 3 ^l(- 2) ^i(2/ + m) 

with z /3 dehned by the matrix: 

^ —ph 0 0 ^ 

pa 0 0 

To —^ 0 

Vi a —h 

\V 2 0 a j 

Description of Ker£ 4 . Recall the dehnition of £4 from Lemma I A. 11 We apply Re¬ 
mark I A. 21 with Ai = 2(^i(—1) © 3^i(—2), A 2 = 4^i(—3), Bi = ^l(/) © ^l( 2/ + m), 
B 2 = ^l(3/ + m + n) and with 0 = £ 4 . The kernel of the component 0i : 0’l{—2) © 
3^l(—3) —)■ © ^l( 2 / + m) of £4 is described by the exact sequence flA.Qp (because 

01 = ^ 3 ), the component 02 : 3) —)■ ^l( 3Z + m + n) of £4 decomposes as: 


:-3) 


(a^, a^b, ab"^, b^) 


> (^_l(3/) ^l{^ 1 + m + n) 


and its kernel is described by the exact sequence: 


(A.IO) 0^3^l(-/-4) 


f-b 

0 

0 \ 

a —b 

0 

0 

a 

-b 

VO 

0 

a / 

?l{- 1 - m 

- 2 


>4^z.(-3) 


(a^, a^b, ab"^, b^) 


» ^l(30 ^ 0. 


l{ —I — 3) © XjiSl TJi n) 


(—A 2 + qv , aqAi , bqAi , pq), where : 

(A. 11) V := 2vQaa' + Ui(a6' + a'b) + 2v2bb'. 


At this point, we have to provide the 

• Description of Kere". We apply Remark IA.2I with Ai = ^l(—/ — m — 2), A 2 = 
2^l(—^ — 3) © Bi = 0 and B 2 = + m + n). The component 2^i(—/ — 3) © 

^l(3/) —)■ ^l(3Z + m + n) of e'l factorizes as: 

tt" a 

2 ^i(-/ - 3 ) © i^l( 3 /) ^l( 3 / + m) -4 i^l( 3 / + m + n) 
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where is defined by the matrix (aAi, bAi , p). One has a commntative diagram: 


l(-/- 3) © ^L(-m - 2) ^l(-2) 


Ai 


id © id © Ai 
2 ^l(-/ - 3) © ^l(3/) 


TTn 


->■ ^L(3/ + m) 


Since p and Ai are coprime, it follows that id © id © Ai maps isomorphically the kernel 
of {a,b,p) : 2 ^l{—1 — 3) © m — 2) ^ onto Kervr^'. One needs, now, the 

following easy: 


Lemma A.3. Let K be the kernel of an epimorphism: 

(ai, 02 , Os) : (^l(—A) © ^l(—^ 2) © ■ 

Assume that A < *2 that 03 7^ 0. Then K ~ ^l(— ji) © <^l(— 22) with A < ji < j 2 < 
12 + H- dn particular, H^(A(f)) = 0 for f > '?2 + *3 — 1- 


Proof. K is locally free of rank 2 hence one can write K ~ <^l(— ji) © ^l(—^ 2) with 
ji < 32 - It follows from onr hypothesis that H°(A(—A + 1)) = 0, hence ji > ii. On the 
other hand, ci{K) = —ii — i 2 — is hence j 2 = ii + i 2 + is — ji A *2 + is- D 


According to this lemma, one has an exact sequence: 

ffl f2\ 


(A.12) 0 —)■ <^l(—/ i) 




9i 92 

\Ui U2J 


A 


H-1) 


h{-m) -)■ -)■ 0 , 


with / + l</i </ 2 A^ + ^ + 1 and /i + ^2 = 2/ + m + 2. One derives an exact sequence : 

/ /l /2 \ 

Ja J - 3) 


:-ii - 2) 


(A.13) 


0 


^l(3/ + m) —)■ 0 , 


M-h - 2 ) ^ l (30 

which describes the kernel of the component 2ffL[—l — 3) © <^l(3/ + m + n) of 

f" 

Now, the kernel of the epimorphism (—A2 + gv , q) : ^l(—/ — m — 2) © + m) —)■ 

ffiifil + m + n) associated to e'l as in Remark |A2] (where it is denoted by 0") is described 
by the exact sequence : 


0 —)■ ^L{—l—m—n—2) 



&l{,— 1 — m — 2) 

© 

(^l( 3/ + m) 


(-A2 + gn, q) 


> ffiifil+m+n) —)■ 0 . 


Since A 2 — qv e + 2m + n + 2)) and since 

—li — 2 + (/ + m + n + 2) > —{I + m + l) — 2 + (/ + m + n + 2)=n — 1>—1, i = l, 2, 
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the exact sequence flA.lSp shows that there exist polynomials /, 5 ^ G H°( 
and w G + m + u + 2)) such that: 


^L(m + u - 1)) 


(A. 14) A 2 — qv = faAi + gb Ai + wp 

{v has been dehned in flA.llD h One gets that the morphism — m — n — 2) —)■ 

<^L(3/ + m) dehned by A 2 — qv (corresponding to '02 Remark lA.2p lifts to the morphism 
ffL^—l—m—n—2) —)■ 2 (^i(—/—3)©(^i(3Z) dehned by the matrix {f , g , wY (corresponding 
to "02 ip Remark IA.2f blh Remark IA.2r b) implies, now, that one has an exact sequence: 




(^i(—/ — m — n — 

2 ) 

^l{ 

—1 — m — 



© 


n 

© 


(A.15) 

0 - 

-A M-k - 2 ) 


-A 2ffL{-l- 

-3) 



© 



© 




^hi—k — 2 ) 



^l(3/) 

with z /4 

dehned by the matrix: 








( ^ 

0 

0 \ 





f 

h 

/2 





9 

9i 

92 





\w 

uiAi 

U 2 AIJ 



2 ) 


4 ' 


(^i(3Z + m + n) —)■ 0 


The description of Kere" is complete. 

Now, coming back to the description of Ker£ 4 , the component: 

02 : ^l{-1 - m - n - 2 ) © ^l(-/i - 2 ) © ^l (-/2 - 2 ) 


^l(3/) 


of the morphism u'f from flA.lSp is dehned by the matrix {w , UiAi, M 2 A 1 ). We would like, 
in order to apply the most favourable case (b) of Remark IA.21 to lift 02 to a morphism: 


02 : ^l{-1 - m - u - 2) © ^l(-/i - 2) © - 2) —^ 4^l(-3) , 

that is, to express w, uiAi, U 2 A 1 as combinations of a^,..., b^. It follows, from the exact 
sequence flA.lOD . that, for t > 4/ + 3, any element of H°(^ 2 ,(f)) can be expressed as a 
combination of a^,..., 6^. 

Since Ui G H°(^L(/j — m)), Ai G H°(^l( 3/ + m + 2)) and (0 — m) + (3/ + m + 2) > 
(/ + 1 — m) + (3/ + m + 2) = 4/ + 3, ■? = 1, 2, one derives the existence of polynomials 
Vij G H°((^l( 0 — 1)), j = 0, ..., 3, such that: 

(A. 16) UiAi = Vioa^ + vno^b + Vi2ab‘^ + Visb^ , i = 1, 2 . 

On the other hand, it might happen that w, which belongs to + m + n + 2)), 

cannot be expressed as a combination of a^,... ,b^. Consequently, one has to consider 
two cases. The case where w can be expressed as such a combination is dealt with in 
Lemma IA.4I below. For the opposite case, see Remark IA.5I and the proof of Prop. IA.12I 
below. 
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Lemma A.4. If the polynomial w G H°(^i(4/ + m + n + 2)) [defined in flA.14D ) can be 
written as a combination: 

w = + wiofh + W 2 ah^ + 

with wq, ..., W 3 G + m + n — 1)) then one has an exact sequence: 


^l[— 1 — m — n - 

- 2 ) 




© 


2 ^l(- 1 ) 


Ml) 

- 2 ) 


© 


© 

0 — 

> © 


3^l(-2) - 

^ ^L( 2 / + m) 

^L[—h — 2 ) 


© 


© 

© 


4^l(-3) 

<^l( 3/ + m) 

Wl[-1-F) 





with 1/4 defined by the matrix: 






/ —pbq 

0 

0 

0 

0 0 \ 



paq 

0 

0 

0 

0 0 



1 

0 

-bfi 

-bf2 

0 

0 0 



Viq + af — bg a 

fi - bgi 

a /2 - bg2 

0 

0 0 



V 2 q + ag 

agi 

ag2 

0 

0 0 



Wo 

VlO 

V 20 

-b 

0 0 



Wi 

Vll 

V 21 

a 

-b 0 



W2 

V 12 

V 22 

0 

a —h 



\ U!3 

Vl3 

V 23 

0 

0 a ) 


Proof. The component fj'f • ^l[—1 

- m — n 


Hi- 

2 ) © ^l( 

-I 2 


: ^ l [-1 - m 
defined by the matrix: 


n - 2 ) © - 2 ) © - 2 ) —^ 4^l(-3) 


/ Wq nio V2o\ 
wi nil V21 
W2 V12 V22 
\Wz ^^13 V 2 ‘i 

One can apply, now, Remark IA.2lf b). □ 

Remark A. 5 . If m 7^ 0 or if n 7^ 0 then 4/ + m + n + 2>4/ + 3 hence, according to the 
discussion before Lemma [A.41 w can be written as a combination of a^, a^6, a6^, b^. This 
is also true when m = n = 0 and I = —1 because, in this case, w G Y{^[&l[—2)) = 0. 

Proposition A.6. Assume that the polynomial w [defined in flA. 14 IL can be written as 
a combination of a^,..., b^ as in Lemma\K^ [which happens automatically i/m 7 ^ 0 or if 
n ^ 0 or if m = n = 0 and I = —\ according to Remark \A.^ . Consider the polynomials 
[tn S) : 

F 2 = 


a b 
X y 


, F 3 = pF2 + vqx^ + vixy + V2y‘^ . 
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with Vq, Ti, V 2 defined in flA.Sp . Then the homogeneous ideal I{Z) C S' of Z is generated 
by the following polynomials : 

F 4 = qFs + {fx + gy)F 2 + WqX^ + Wix^y + W 2 xy‘^ + w^y'^ , 

Gi = ifix + giy)F2 + v^x^ + vnx'^y + Vi2xy‘^ + visy^ , 

G 2 = (/ 2 T + g2y)F2 + V2ox^ + V2ix^y + V22xy‘^ + , 

277? 77? 277 ? 43 22 34 

X F 2 , , xyF 2 ,yF 2 ,x,xy,xy,xy,y. 

with /, g defined in flA.14D . the fi’s and the gi’s defined in flA.12D and the Vij’s defined in 
(1X761) . 

Notice that deg F 2 = I + 2, deg F 3 = I + m + 2, deg F 4 = Z + m + n + 2, deg Gi = Zi + 2 
and deg G 2 = h + 2, with Z + l<Zi<Z 2 <^ + ’R' + l and Zi + Z 2 = 2/ + m + 2. 

The case where w cannot be written as a combination of a^,..., 6 ^ will be analysed in 
Prop. lA.l^ below. 


Proof. One uses Lemma IA.41 the exact sequence flA.Sp and the fact that: 

© &L{-F)y © ^l{-2)x‘^ © • • • © ^l(-3)2/3 . 


□ 


Remark A. 7. We want to emphasize two relations between the polynomials Vq, fi, V 2 G 
H°(^L(Z + m)) defined by relation flA.Sp and the polynomials Vij E H^(^L(li — l)), i = 1, 2, 
0 < j < 3, dehned by relation flA.16p . They are needed if one wants to write down a 
complete system of relations between the generators of I(Z) from Prop. IA. 6 i 

Firstly, we notice that, by considering the Eagon-Northcott complex associated to the 
matrix appearing on the left side of the exact sequence flA.12p as in the proof of the 
Hilbert-Burch theorem, one may assume that: 


(A.17) 


9i 

92 

Ui 

U 2 


b 


fi 

Ui 


/2 

U 2 



/2 

92 


Now, since a = —g 2 Ui + giU 2 then, multiplying relation flA.81) by a and the two relations 
in flA.16D by —g 2 and ( 71 , respectively, one gets: 


a{voaf + viob + ^ 26 ^) - g 2 {vioaf’ + ... + ^ 136 ^) + gi{v 2 oaf‘ + ... + ^ 23 ^^) = 0 


Using the exact sequence flA.lOp . one derives the existence of polynomials ao, ai, 0:2 E 
— 1 )) such that: 




(vio\ 


fv2o\ 


/-6 

0 

0 \ 

Vi 


Vll 

+ 9i 

V 21 


a 

-b 

0 

-92 

— 

0 


7 

V2 

V 12 

V 22 


a 

—b 

\v 


\vn) 


\V 23 J 


^0 

0 

a y 



(A.18) 
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Similarly, using the relation b = /2M1 — /1M25 one derives the existence of polynomials 
/So, Pi, P2 G — 1)) such that: 


(A.19) 


/o\ 


/oo\ 


fv 2 o\ 


/-6 0 0\ 

\V 2 ) 

+ /2 

Vn 

V12 

\vn) 


V2I 

V22 

\^'23/ 

= 

a —6 0 

0 a —6 

0 0 a j 



Now, using the determinantal expression of p from flA.17p . one gets the relations: 


xp - g2ifix + giy) + gi{f2x + g2y) = 0 , 
yp + f2{fix + giy) - fiif2x + g2y) = 0 . 


On the other hand, multiplying to the left the matrix relation flA.lSp by {x^, x‘^y, xy"^, y^) 
one obtains: 


x{vox‘^ + vixy + V2y‘^) - g2{viox^ H-h + gi{v2ox^ H-h ^23?/^) = 

{aox'^ + aixy + a2y‘^){—bx + ay). 

One deduces, similarly, from the matrix relation flA.lQD . the following polynomial relation: 

y{vox'^ + vixy + V2y'^) + f2{viox^ H-h v^y^) - fi{v2ox^ H-h V23y^) = 

{PqX^ + Pixy + P2y‘^){-bx + ay). 

One thus obtains the following relations: 

XF3 - g2Gi + giG2 - aoX^F2 - aixyF2 - a 2 l /^^2 = 0 , 

yFs + /2G1 - /1G2 - Pox'^F 2 - PixyF2 - /? 2 l /^^2 = 0 . 


A graded free resolution of I{Z) under the hypothesis of Prop. IA.6L One has 

a hltration by homogeneous ideals: 

I{Z) DJ2DJ3D I{L)^ D (0) 

where J2 is the ideal generated by Gi, G2, x‘^F2, xyF2, y‘^F2, x*, ..., y"^ and J 3 is the ideal 
generated by x‘^F 2 , xyF 2 , y‘^F 2 , ..., Notice that: 

(x, y)I{Z) C J 2 , (x, y)J2 C J 3 , (x, y)J3 C /(L)^. 

If z/4 is the morphism from Lemma [A. 4 I then H°(i/4) induces isomorphisms: 

KiM-h - 2 ) © M-k - 2 ) © - 4)) J2/nL)^ , 

BI{3^l{-1-4:))^Js/I{L)\ 

One deduces isomorphisms of S'-modules : 

I{Z)/J2 ~ S{L)i-l -m-n- 2 ), J2/J3 ~ S{L){-h - 2) © S{L){-l2 - 2), 

J3//(Lr^3^(L)(-/-4), 
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where S{L) := S/I{L). Now, using the well-known resolutions: 

ix,y) 


0 


-y 

X 


—^ 

^(-2) 



f-y 

0 

0 

0 \ 

X 

-y 

0 

0 

0 

X 

-y 

0 

0 

0 

X 

-y 

lo 

0 

0 

X j 




S{L) 


/ 4 Q 2 2 S 4\ 

, , [x , X y, X y , xy , y ) , ,. 

» 5^(-4) ^ ^ ^ ^ /(l)4 ^ 0 


0 ^ 4^(-5) 

one deduces that I{Z) has a (not necessarily minimal) graded free resolution of the form: 

2 S {-l-m-n-3 ) S (-/-m-n- 2 ) 


S (-/-m-n-4) 

© 

© 

© 

to 

T 

1 

5(-/i - 2 ) 

^(-/i-4) 

© 

di ® 

0 —^ 

2S{-l2 - 3) 

A S{-l2-2) 

S{-h-A) 

© 

© 

© 

6S{-l-5) 

3^(-/-4) 

3S{-l-6) 

45*5) 

55*4) 


do 


I{Z) 


with do defined by the generators of I{Z) enumerated in the statement of Prop. IA. 6 I and 
with the linear parts of di and ^2 deduced from the above resolutions of S/I{L) and 
I{LY. The rest of the matrices defining di and d 2 can be easily guessed. For example, 
di is defined by the matrix of relations between the generators of I{Z). The module of 
these relations is generated by the relations of the following form: one multiplies each 
generator of I{Z) by x and by y and one expresses the results as combinations of the next 
generators. One gets the following matrix for di: 


/ 

X 

y 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 



-(192 

9f2 

X 

y 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


991 

-qfi 

0 

0 

X 

y 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


-f-qc^o 

-q/3o 

-/i 

0 

-/2 

0 

X 

y 

0 

0 

0 

0 

0 

0 

0 

0 


- 9-qai 

-f-qPi 

-9i 

-/i 

-92 

-/2 

0 

0 

X 

y 

0 

0 

0 

0 

0 

0 


-qa2 

-9-9P2 

0 

-91 

0 

-92 

0 

0 

0 

0 

X 

y 

0 

0 

0 

0 


-Wo 

0 

-uio 

0 

U20 

0 

h 

0 

0 

0 

0 

0 

-y 

0 

0 

0 


-Wi 

-Wo 

-Uli 

-UlO 

-U21 

-U20 

-a 

h 

h 

0 

0 

0 

X 

-y 

0 

0 


-W2 

-Wi 

-U12 

-Til 

-U22 

-U21 

0 

-a 

-a 

b 

b 

0 

0 

X 

-y 

0 


-W3 

-W2 

-Ui3 

-U12 

^V23 

-U22 

0 

0 

0 

-a 

-a 

b 

0 

0 

X 

-y 

V 

0 

-W3 

0 

-T13 

0 

-U23 

0 

0 

0 

0 

0 

-a 

0 

0 

0 

X / 
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Notice that the first two columns of this matrix correspond to the relations between the 
generators of I{Z) from Prop. ETbl deduced after multiplying by q the relations at the end 
of Remark IA.71 

The matrix of ^2 is the matrix of relations between the columns of the matrix of di. It 
looks like this: 


-y 

0 

0 

0 

0 

0 \ 

X 

0 

0 

0 

0 

0 

-qf2 

-y 

0 

0 

0 

0 

-qg2 

X 

0 

0 

0 

0 

qfi 

0 

-y 

0 

0 

0 

qgi 

0 

X 

0 

0 

0 

qfio 

0 

0 

-y 

0 

0 

-f - qao 

-/i 

-f2 

X 

0 

0 

f + qPi 

/i 

f2 

0 

-y 

0 

-g - qai 

-gi 

-g2 

0 

X 

0 

g + qfi2 

gi 

g2 

0 

0 

-y 

-qa2 

0 

0 

0 

0 

X 

Wo 


^'20 

-b 

0 

0 

Wi 

Vll 

V2I 

a 

-b 

0 

W2 

V12 

V22 

0 

a 

-b 

W3 

Vl 3 

V23 

0 

0 

a / 


Again, one needs to motivate only the fact that the first column of this matrix is a relation 
between the columns of the matrix of di. For example, if one multiplies the 9th row of 
the matrix of di against the first column of the matrix of d 2 one gets: 


(*) qf2V12 + qg2Vii - qfiV22 - qgiV2i + qaao - qajSi - qbai + qb^2 ■ 

But identifying the coefficient of x^y in the polynomial relation deduced in Remark IA.7I 
from the matrix relation flA.lSp and the coefficient of xy^ in the polynomial relation 
deduced in Remark IA.7I from flA.lQp one obtains : 


- g2Vii + giV2i = -bai + aa^ 
Vl + f2Vl2 — flV22 = ~ 


from which one deduces that (*) = 0. 


Proposition A. 8 . No matter whether the polynomial w {defined in flA.ldp i is a combi¬ 


nation of a^,... ,b^ as in Lemma A.f or not, the graded S-module has a graded 
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free resolution of the form: 

S{-2) 2^(-l) ^ 

© © © 

^(/- 2 ) 2 ^(/-l) S{1) 

© ^ © ^ © 

S'( 2 / + m — 2 ) 2S'(2/ + m —1) S{2l + m) 

© © © 

S{3l + m + n-2) 2S{3l + m + n-l) S{3l + m + n) 


0 




with ( 5 o defined by the generators 1, ci, 62, 63 considered at the beginning of this 

subsection and with Si, S 2 defined by the matrices'. 









( pj 

0 

0 








1 

X 

0 

0 

0 

/ X 

y 

0 0 

0 

0 

0 

o\ 


b 

-F 

0 

0 

-a 

-b 

X y 

0 

0 

0 

0 


-a 

X 

0 

0 

-a' 

-b' 

-^a -p6 

X 

y 

0 

0 


b' 

pb 

-F 

0 

y-a" 

-b" 

-g)'a-qa' -g)'b-qb' 

-qa 

-qb 

X 

y) 


-a' 

-^a 

X 

0 







b" 

p'b + qb' 

qb 

-F 








\-a!' 

-^'a-qa' 

-qa 

X ) 


Proof. admits a filtration by graded S'-submodules with the successive quotiens 

isomorphic to S{L) := S/I{L), S{L){1), S{L){21 + m) and S{L){3l + m + n), respectively. 
Using the well-known graded free resolution of S{L) over S one deduces that has 

a graded free resolution of the numerical shape from the statement. Moreover, the linear 
parts of the differentials (5i and S 2 can be deduced from the resolution of S{L). The rest 
of the matrices dehning (5i and S 2 can be easily guessed. For example, (5i is defined by 
the matrix of relations between the generators 1, Ci, 62 , 63 of The module of 

these relations is generated by the relations of the following form: one multiplies each 
generator of by x and by y and one expresses the results as combinations of the 

next generators. □ 


Remark A.9 . We recall, for completeness, an algorithmic procedure for getting a minimal 
free resolution of a graded S'-module M from a non-minimal one. Consider a complex: 

F, : ■ ■ ■ Fg+i Fs Fs-i Fs-2 ■ ■ • of graded free S'-modules of hnite rank. 

Assume that the (f, j) entry of the matrix of dg is a non-zero constant cE k. Performing 
elementary operations on the columns of the matrix of dg, one can turn into 0 all the 
other entries of its fth row. One gets, in this way, a new morphism d' ; F, —)■ Fg_i. Then : 

(i) deleting the jth rank 1 direct summand of Fg and the fth rank 1 direct summand 
ofF,_i, 

(ii) deleting the ith row and the jth column of the matrix of d^, 

(iii) deleting the fth column of the matrix of d^-i, 

(iv) deleting the jth row of the matrix of d^+i. 
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one obtains a complex F,' snch that F, is isomorphic to the direct snm of F,' and of a 
complex of the form: ■ ■ ■ 0 —)■ S{—a) —^ S{—a) —> 0 ■ ■ • . 


A. 2 . Primitive structures of degree 4 . We assume, in this subsection, using the no¬ 
tation introduced in the previous one, that m = n = 0 hence that p, g G fc. Since p ^ 0 
and g 7 ^ 0 one can assume that 62 = ef, 63 = ef (and ef = 0 ), i.e., that p = 1, p' = 0 
and g = 1. Since Ai G H°(^i(3Z -|- 2 )), the polynomials vq, vi, V 2 G dehned by 

relation flA.Sp : 

—Ai = voO^ + viob -|- V2h'^ 


are uniquely determined (taking into account the exact sequence flA.7p ) and the relations 
flA.lbp become: 


—aAi = Vott^ -|- Vio^b + V2ab‘^ , 
—bAi = voo^b + Viab^ -|- V2b^ ■ 


In relation flA.ldp one must have / = g = 0, and this relation becomes: 


(A.20) A 2 — 2 voaa' — Vi{ab' -|- a'b) — 2v2bb' = w , 

with w G H°(^l(4/ -I- 2)). The exact sequence flA.12p becomes: 


/ 1 0 \ 

0 1 

y-a -b] (a, b, 1) 

0 ^ 2 ^i(-/ - 1 ) -^ 2 ^i(-/ -1)®^L > ^ 0 . 

In particular, Zi = Z 2 = ^ + 1- The exact sequence flA.lSp becomes: 


ffL{-l-2) 

^l{—1 — 2) © // 

(A.21) 0^ © ^2^i(-/-3)-4 ^l(30—^0 

2^i(-/ - 3) © 

^l(30 


with e'l and v'l dehned by the matrices: 


[—w , aAi, 6A1, 1) 


/l 0 
0 1 
0 0 
\w —aAi 


respectively. Prop. lA.61 becomes, in this special case : 


0 \ 
0 
1 

-bA,j 


Corollary A.10. Assume thatm = n = 0 and thatw {defined in flA. 20 p i can he written as 
a combination w = + wia'^b + W 2 ab‘^ + w^b^ with wq, ..., tcs G H°(^ 2 ,(/ — 1)) {uniquely 

determined, taking into account the exact sequence flA.lOp b Recalling the notation-. 


F 2 = 


a b 
X y 


, F 3 = F 2 + vqx^ + vixy + V2y‘^ , 
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the homogeneous ideal I{Z) G S is generated by. 

Q Q Q Q/l‘^OOQ/1 

F 4 = F 3 + wox + wix y + W 2 xy + tfsj/ , x , x y, x y , xy , y 
hence Z is the divisor AL on the surface F 4 = 0, which is nonsingular along L. 


Proof. It suffices to notice that the polynomials Gi and G 2 occuring in the statement 
of Prop. IA. 6 I are equal, in the particular case under consideration, to xF^ and yF^, re¬ 
spectively, and that these polynomials toghether with the polynomials xyF 2 , y^F 2 

belong to the ideal generated by the polynomials from the statement of the corollary. □ 

Remark A.11. It follows, in particular, from Corollary lA.lOl and Remark I A. 51 that if 
m = n = 0 and / = — 1 then Z is the divisor 4L on the plane if D L of equation 
—hx + ay = Q. 


A graded free resolution of I{Z) under the hypothesis of Cor. lA.lOL Using 
Remark lA.QI to cancel redundant direct summands of the terms of the resolution of I{Z) 
described after Prop. |A] 6 ] and taking into account that the polynomials Oj, (3i, z = 0, 1, 2, 
introduced in Remark I A. 71 are all zero, one gets that the ideal I{Z) has, under the hy¬ 
pothesis of Cor. lA.lOl a free resolution of the form: 


0 —^3^(-/-6) 


d' - 5) d[ Si-l - 2) d'. 


4^(-5) 


55(-4) 


I{Z) 


with d[ and dehned by the matrices: 

/ x^ x‘^y xy"^ 

B-VqX-Wqx"^ 0 0 

-a-vix-wix^ b-vox-wox^ -Woxy 

-V2X-W2x‘^ -a-vix-wix^ h-vox-wixy 

-wsx^ -V2X-W2X^ -a-vix-W2xy 

\ 0 -w^x"^ -V2X-w^xy 


0 

-voy-wiy"^ 

h-viy-W2y‘^ 

-a-V2y-W3y‘^ 


/ 

-y 

0 



X 

-y 

0 


0 

X 

-y 


0 

0 

X 


-b + VqX + WqX^ 

0 

0 


a + Vix -f Wix^ 

—b + VqX 

0 


V 2 X + W2X‘^ 

a + Uix 

-b 

V 

w^x^ 

V 2 X 

a / 


0 0 0 0 \ 

-z/ 0 0 0 

X -y 0 0 

0 X -y 0 ’ 

0 0 X -y 

0 0 Ox/ 


The case where w cannot be written as a combination of a^,...,b^. Assume 
that m = n = 0, l>0 and that the polynomial w G I1°((^l(4/ -|- 2)), dehned in flA.20j) . 
cannot be written as a combination of a^,..., 6 ^. Since XiW G I1°(^l(4/ -|- 3)), i = 0, 1, it 
follows, using the exact sequence flA.lOD . that there exist uniquely determined polynomials 



























50 


ANGHEL, COANDA AND MANOLACHE 


Wij G i = 0, 1, j = 0,..., 3, such that: 

(A.22) XiW = Wioa? + wno^b + waalP' + WipP , i = 0, 1. 

Proposition A. 12. Assume that m = n = 0,l>0 and that the polynomial w {defined 
in flA.20p i cannot he written as a combination of a^,... as in Cor. \A.1(A Then the 
homogeneous ideal I{Z) G S is generated by the polynomials: 

F40 = X0F3 + woox^ + woix^y + Wo 2 xy‘^ + , 

F 41 = xiF^ + + wiix^y + Wi 2 xy‘^ + Wi^y^ , 

Gi = XF 3 , G 2 = yF^ , x^ , x^y , x'^y^ , xy^ , y^ 


with the Wij ’s as in (IA.22D . 

Proof. We describe, hrstly, under the hypothesis of the proposition, the kernel of the 
epimorphism £4 : 2 C’l{— 1 ) © 3 Cl{— 2 ) © 4 :C’l{— 3 ) —)■ C’l{ 1 ) © C’l{ 21 ) © ^l{^ 1 )- We intend 
to apply, for this purpose. RemarkThe component -02 • ^l(—^ — 2 ) © 2 ^i,(—Z — 3 ) —)■ 
C'l{ 31 ) of the morphism of from the exact sequence flA. 2 ip is dehned by the matrix 
{w , —aAi, —6A1). One has a commutative diagram with exact rows: 


0 


0 




p2 


2&l{- 1-3) M-l-2) 

> © —^ © 

2&l{-1-3) 2&l{-1-3) 


p2 



>3^l(-/- 4) -^ 4^i(-3) -^ ^l(3Z) 


> 0 


> 0 


with the exact sequence flA.lOll as bottom row, with p, a, -02 dehned, respectively, by the 
matrices: 


( Xq Xi 0 0\ 

0 0 10 

0 0 0 1 / 




/woo Wio Vo 0 \ 

Xo 


Woi Wii Vi Vo 

0 


VJ 02 VJ 12 V 2 Vi 

V 0 ^ 


yV03 U!l3 0 V 2 J 


and with -02 dehned by a matrix of the form (70,71,72)*, with 70, 71, 72 G k. The 
commutativity of the left square of the above diagram is equivalent to the matrix relation: 


(A. 23 ) 


(u!oo\ 


(wio\ 


(-b 

0 

0 \ 

VJol 

+ 3^0 

Wii 


a 

-b 

0 

W 02 

W 12 


0 

a 

-b 

\W03/ 


\IVl3/ 


^0 

0 

a / 



It follows that at least one of the constants 70, 71, 72 must be non-zero because, other¬ 
wise, xo would divide each of the polynomials wqo, ■ ■ ■, wos and this would contradict our 
assumption that w cannot be written as a combination of a^,..., 6^. 
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Applying, now, Remark IA. 2 r a) one gets an exact sequence: 


® (J) (J) 

(A.24) 0 ^ -A)^ - 3) 3^l(-2) ^ ^^(2/) —^ 0 

® (J) (J) 

3^i(-/-4) 4^i(-3) ^i(3/) 

with 1/4 and defined, repectively, by the matrices: 


f-bxo 

—bxi 

0 

0 

0 

0 



axo 

axi 

0 

0 

0 

0 

0 


/-xi\ 

VqXo 

VqXi 

-b 

0 

0 

0 

0 


Xo 

ViXo 

VlXi 

a 

-b 

0 

0 

0 


0 

V2X0 

V2X1 

0 

a 

0 

0 

0 

•) 

0 

Woo 

Wio 

Vo 

0 

-b 

0 

0 


-70 

Wol 

Wii 

Vi 


a 

-b 

0 


- 7 i 

W02 

W12 

V 2 

Vl 

0 

a 

-b 


\- 72 / 

\ W 03 

Wi 3 

0 

V 2 

0 

0 

a / 



It follows that the columns of the matrix defining z/4 generate the graded H°(^£,)-module 

H°(Ker£4). 

Now, using the exact sequence flA.Sp and the fact that: 

J^l/^1 = ^l{-1)x © © ^l{-2)x^ © • • • © ^l(-3)i/3 

one deduces that I{Z) is generated by the polynomials from the statement and by x^F2, 
xyF2, y^F2. The latter ones, however, belong to the ideal generated by Gi, G2, x‘^,..., y^. 


A graded free resolution of I{Z) under the hypothesis of Prop. IA .121 The 

morphism z/4 from the exact sequence flA. 24 p maps 2 ^L{—i — 3 ) © — 4 ) into 

3 i^l(— 2 ) © 4 ^£,(— 3 ) and the induced morphism 1/4 : 20 ’l {—1 — 3 ) © — 4 ) ^ 

3 ^l(—2) © 4 ^i(— 3 ) is defined by the matrix: 


f-b 

0 

0 

0 


a 

-b 

0 

0 

0 

0 

a 

0 

0 

0 

Vo 

0 

-b 

0 

0 

Vl 

Vo 

a 

-b 

0 

V 2 

Vl 

0 

a 

-b 

Vo 

V 2 

0 

0 

a J 
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Applying the Snake Lemma to the diagram: 

0 -^ 0 -^ © 

incl 

0 -^ -4) —^ © 

3^l(-/-4) 

one gets an exact sequence : 


2^lH - 3) 

0 

- 4) 

Vi 


■> Ker Ei 


(A.25) 


l(-/ - 3) 


’z.(-/-4) AKer54^^L(-/ 


> 0 


> 0 


- 2 ) 


0 


where rj maps the elements : 

{-bxi, axi, voXi, viXi, V2Xi, Wio, wn, Wi2, WisY, * = 0 , 1 , 

of H°((Ker54)(/ + 3)) into the elements Xq, Xi of 

It is easy to check that the morphism V^ considered above can be identihed with the 
morphism: 

Fs • - : - 2) ^ . 

Applying, now, H°(—) to the exact sequence (1A.25P one gets an exact sequence of graded 
S'-modules: 

(A.26) 0 ^ (/(L)//(L)3)(-/ - 2) ' ~> I{Z)/I{Lf —^ S{L) + {-l - 2) —^ 0 

where S{L) = S/I{L) and S'(L)+ = xoS{L) + xiS{L) = 0j>4 S{L)i. 

We provide, now, explicit minimal free resolutions of the graded S'-modules S'(L)+ and 
/(L)//(L)^. Using the exact sequence: 


0-^^(L)(-2) 


-Xi 

Xo 


^2S{L)i-l) 


{xo, Xi) 


one sees that the tensor product of the complexes : 


-Xi 

Xo 


>2^(-l), ^(-2) 


A(-2) 

is the following minimal free resolution of S(L)_ 


-y 

X 


0 ^ 5(-4) 




/ X 

y 

0 

0\ 


f-y] 


Xi 

0 

-y 

0 


X 


0 

Xi 

X 

0 


-Xi 


-Xo 

0 

0 

-y 


\Xo) 

a4A( 3) 

[ 0 

-Xq 

0 

X yi 

A 


> S{L). 


0 . 


> 2^(-i) s 


> 5A(-2) 


-Xi 

Xq 


X 

0 


0 

X 


^2S{-1) 
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As for J(L)//(L)^, one uses the standard free resolutions of J(L)//(L)^ ~ 2S'(L)(—1) 
and of /(L)^//(L)^ ~ 3S{L){—2) to get a non-minimal free resolution of I{L)/I{Vf’ over 
S and then, cancelling redundant terms (see Remark lA.9p . one gets the following minimal 
free resolution: 


0 ^ 3^(-4) 


0 -y‘^\ 

-?/ 0 0 

X -y Q 

Q X -y 

VO 0 X J 


-y x‘^ xy y‘^ 0 

^(-2) U 0 0 0 


45(-3) 




i{Ly 


One deduces, now, from the exact sequences flA.Sp and flA.26p . that I{Z) admits a 
non-minimal free resolution of the form: 


6^(-/-4) 

, 4^(-/-5) , © , 4^(-/-3) 

^(-/-6)A © ^45(-/-5)^ © 

3S{-l-6) © 5^(-4) 

45(-5) 


I{Z) 


0 . 


This resolution has a hltration with successive quotients the above minimal free resolutions 
of S'(L)+(—/ — 2), (/(L)/J(L)^)(—/ — 2) and respectively. Consequently, large parts 

of the matrices of di, d 2 and d^ are known. In order to get the entire matrix of di one 
has to extend the known parts of its columns to relations between the generators of I{Z) 
from Prop. IA.12I This presents some difficulty only for the first column. Multiplying to 
the left the matrix relation flA.23p by x^y^ xy"^, y^) one gets the following relation: 


(A.27) - Xi{wooX^ + woix^y + Wo2xy‘^ + + Xo{wioX^ + Wnx^y + Wi2xy‘^ + Wi-^y^) 

= iriox^ + hxy + 'y 2 y‘^)i-bx + ay ), 
from which one deduces that: 


-X 1 F 40 + X 0 F 41 - (7oX^ + 7iX|/ + 72l/^)F3 ( 700 :^ + 'yixy -f 72l/^)(uoX^ + Vixy + V2y‘^) = 0 

Now, the matrices of di, ^2 and d^ are the following ones: 


/ 

-Xi 

X 

y 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 



Xo 

0 

0 

X 

y 

0 

0 

0 

0 

0 

0 

0 

0 

0 


lox-'yiy 

-Xo 

0 

-Xi 

0 

-y 

x^ 

xy 


0 

0 

0 

0 

0 


-l2y 

0 

-Xo 

0 

-Xi 

X 

0 

0 

0 

y^ 

0 

0 

0 

0 


00 

-Woo 

0 

-WlO 

0 

0 

b-vox 

0 

0 

0 

-y 

0 

0 

0 


01 

-Wol 

-Woo 

-Wii 

-Wio 

0 

-a-vix 

b-vox 

0 

0 

X 

-y 

0 

0 


02 

-W 02 

-Wol 

-Wi2 

-Wii 

0 

-V 2 X 

-a-vix 

b-vox 

-voy 

0 

X 

-y 

0 


03 

-Wo3 

-W 02 

-Wi3 

-Wi2 

0 

0 

-V 2 X 

-a-vix 

b-viy 

0 

0 

X 

-y 

V 

04 

0 

-Wo3 

0 

-Wi3 

0 

0 

0 

-V 2 X 

-a-V2y 

0 

0 

0 

X / 
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X 

y 

0 

0 

0 

0 


Xi 

0 

-y 

0 

0 

0 

0 

0 

Xi 

X 

0 

0 

0 

0 

-Xo 

0 

0 

-y 

0 

0 

0 

0 

-Xo 

0 

X 

0 

0 

0 

72 P 

0 

Xo 

Xi 

0 

0 

-y^ 

7o 

0 

0 

0 

-y 

0 

0 

7i 

7o 

0 

0 

X 

-y 

0 

72 

7i 

0 

0 

0 

X 

-y 

0 

72 

0 

0 

0 

0 

X 

0 

70^0 

M^OO 

M^lO 

—b + vqX 

0 

0 

0 

7o^^i + 7i^^o 

WOl 

Mill 

a + xix 

—b + vqx 

0 

0 

7o^^2 + 71^1 

Wq2 

W12 

V2X 

a + xix 

-b 

0 

7l^^2 

W03 

Wi3 

0 

V2X 

a / 


where ^o,..., 6^4 are defined by : 


/-y\ 

X 

-Xi 

Xo 

-7o 

-7i 

\-72/ 


( 7 ox^ + 'yixy + 72 ?/^)(nox^ + vixy + V2y'^) = Oqx^ + 9ix^y + 92x‘^y‘^ + 93xy^ + 6 * 4 / 


In order to check that did 2 = 0 and ^ 2^3 = 0 one has to use the above polynomial 
relation flA.27p . Using Remark I A. 91 one can cancel the redundant terms of the above free 
resolution of I{Z). One has to consider three cases: (I) 70 7 ^ 0, (II) 70 = 0 and 71 7 ^ 0, 
(III) 7 o = 7 i = 0 and 72 7 ^ 0. In all the cases, one gets a free resolution of I{Z) having 
the following shape: 

6^(-/-4) 

2^(-/-5) ,/ © 4^(-/-3) 

0 ^ © ^ 2 ^(-/- 5 )^ © ^I{Z)^0. 

2S{-l-Q) © 55(-4) 

4^(-5) 


A. 3. Thick structures of degree 4. According to Banica and Forster [HI § 4], if IF is 
such a structure supported on the line L then C J'w © one has an exact 

sequence of the form: 

0 ^ ^ ^l(0 ^ 0 

for some integer 1. Since ~ 3^i;,(— 2 ), one must have I > — 2 . The epimorphism e 

is defined by three polynomials po) Pi) V 2 ^ Il°(^i(/ + 2)) having no common zero on L. 
One deduces an exact sequence : 

(A.28) 0 —)■ l{1) —t —'f Gj^(i) —> 0 

where L^) jg the first infinitesimal neighbourhood of L in P^, defined by the ideal It 
follows that, as an ^i-module: 

Gw ^Gl® 2Gl{-1) © Gl{1) . 
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The graded = /c[a;o, xij-module has a system of generators consisting of 

1 G Co, Cl G and 62 G /)). The multiplicative structure of 

is dehned by: 

Co = Poe 2 , eoci = pie 2 , el = ^262 , 6062 = 0 , 6162 = 0 , = 0 . 

The canonical epimorphism ffps —)■ induces a morphism of graded A;[a;o, xij-algebras 
S = H°((^p 3 ) —)■ which is completely determined by the fact that a; 1 —)■ Cq and 

y ei- One has an exact sequence : 


/ /o 9o\ 
fi 9i 

(A.29) 0 —^ © ^L(-n) > Wl ^l{1 + 2) —^ 0 

with 0 < m < n and m + n = / + 2 . Since is annihilated by it is already an 

^i-module. Using the above exact sequence, it follows that, actually: 

- ^L{-m - 2 ) © ^Li-n - 2 ). 

Since = 0, one deduces an exact sequence of graded A-modules: 

0 —^ I{Lf —^ J(fU) —^ S{L){-m - 2) © S{L){-n - 2) ^ 0 
with S{L) = S/I{L), from which one gets immediately: 

Proposition A.13. The homogeneous ideal I{W) C S ofW is generated by the following 
polynomials: 

F = fox^ + fixy + , G = gox^ + gixy + g 2 y^ , x^ , x‘^y , xy^ , y^ . 


Moreover, one also gets that I{W) has a graded free resolution of the form: 


2S{—m — 3) S{—m — 2) 

S{-m-4) , © , © 

0—^ ^ 2S{-n-3) ^ S{-n-2) I{W) ^0 

S{-n - 4) © © 

3^(-4) 4A(-3) 

with di and ^2 dehned by the matrices: 


/ X 

y 

0 

0 

0 

0 


0 

0 

X 

y 

0 

0 

0 

~fo 

0 

-9o 

0 

-y 

0 

0 

-fl 

~fo 

-9i 

-9o 

X 

-y 

0 

-f2 

-fl 

-92 

-9i 

0 

X 

-y 

\ 0 

-f2 

0 

-92 

0 

0 

X ) 


(-y o\ 

X 0 
0 -y 
0 X 
fo 9o 
fi 9i 
\f2 92 / 
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Proposition A.14. Assume that W is properly locally CM everywhere, i.e., it is not 
l.c.i. except at finitely many points. Then I is even, I = 21' with V > —1, and there exist 
two polynomials qo, qi G + 1)) having no common zero on L such that I{W) is 

generated by. 


X 


% Qi 
X y 


% qi 
X y 


S 2 2 

X ^ X y ^ xy 


y 


Notice that if X is the double structure on L defined by the epimorphism (go, qi) '■ 
{see Subsection A.f below) then I{W) = I{L)I{X). 

Proof. By [6l Prop. 4.3], the hypothesis of the proposition implies that pi = poP 2 - Since 
Po, pi, p2 have no common zero on L, it follows that po and p2 have no common zero on 
L. One deduces, now, that po and p 2 must be “perfect squares”, i.e., that there exist 
polynomials go and gi such that po = q^ and p 2 = q\. Then pi = gogi and the exact 
sequence flA.2911 becomes: 


0 


i(-i'-i) 


(-qi 

0 \ 

qo 

-qi 

\ 0 

qo / 




One can apply, now. Prop. IA.13I 

Applying H°(—) to the exact sequence flA.28p one gets an exact sequence: 


□ 


S/I{Lf 


0 


t) S{L){1) ^Rfi{ffw) ■ 

from which one gets readily the following: 

Proposition A.15. The graded S-module admits the following free resolution-. 


0 ^ 


2,S(-3) 

© 

S{-l-2) 


(^ 

0 

0\ 

X 

o/ 

0 

0 

X 

0 

Pi 

P2 

-N 

VePo 

vPl 

X yi 


3S{-2) 

© 

2S{-1-1) 


x^ xy 0 0 

-po -Pi X y 


S 

S{-1) 


□ 


We record, finally, for reference, the similar but easier results concerning multiple struc¬ 
tures of degree 2 or 3 on the line L C P^. 

A.4. Primitive structures of degree 2. Let A be a locally CM curve of degree 2 
supported by the line L. The CM hltration of Gx has two steps Gx © G'l^jJ'x © (0) 
with — Gl{1) for some I > —1. One has an isomorphism of ^^.-modules Gx ^ 

Gl © Gl{1) and if 1 G H°(^x) and ei G YC{Gx{—1)) are the corresponding generators 
of the graded YCfiGif) = fc[a;o, xij-module then the multiplicative structure of 

is dehned by e\ = 0. The epimorphism G^i —>■ Gx induces a morphism of graded 
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/c[a;o,xi]-algebras S = H°((^p 3 ) —)■ H°((^x) which is uniquely determined by the images of 
X, y G S. Let’s say that: 

X I—)■ aei, y ^ bei, 

with a, 6 G + 1)). The epimorphism J^i^j J’l —)■ J’l! can be identihed with 

the morphism 82 : 2 ^i(— 1 ) —)■ ffiil) dehned by the matrix (a, h) and the surjectivity of 
82 is equivalent to a and b being coprime. 

Now, under these hypotheses, the homogeneous ideal /(X) C S' is generated by F 2 : = 
—bx + ay, x"^, xy, y'^ (i.e., X is the divisor 2L on the surface F 2 = 0, which is nonsingular 
along L) and one has graded free resolutions: 


0 S(-X4) 


f-y] 


( X 

y 

0 

0\ 

X 


b 

0 

-y 

0 

-b 


-a 

b 

X 

^y 

U/ 

2S{-l-3) 

lo 

-a 

0 

X 


2^(-3) 


S{-l-2) 

© 

3^(-2) 


S{-2) _ 


f-y 

0 \ 

X 

0 

b 

-y 

\—a 

X 


0 —^ © 

S{l-2) 2S{1-1) 

Moreover, by a general result of Ferrand 


X y 0 0^ 
[—a —b X y, 

> © ^-4 


s 


/(X) -^ 0 , 


H 


'X) 


S{1) 

, one has ujx — ^x{—l — 2 ). 


Remark A. 16. We want to describe, for later use, the successive quotients of the de¬ 
scending chain of ideal sheaves © ^x © ^1 © ^l^x © 

(i) Of course, ^lI^x — whence an exact sequence: 

0 ^ A ^i(/) 0 

where tt maps x (resp., y) G to a (resp., 6) G + 1)). Moreover, by 

Banica and Forster [ 6 l Prop. 2.2], the canonical morphism {J'lIX^ x)®^ 
is an isomorphism, Vj > 1 , hence ^l^x — 

(ii) The exact sequence : 

0 ^ ^l/^1 ^lIJ^x 0 

can be identihed with the exact sequence : 

(■"'I 

la/ (a b) 

0 ^ - 2) 4—4 2^i(-l) ^ ’ T ^Lil) —^ 0 

whence an isomorphism j4/4l — — 2). One deduces an exact sequence: 


(A.30) 





X 


V 
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where t] maps F 2 G + 2)) to 1 G 

(iii) The exact sequence : 

0 ^ 0 

can be identihed with the sequence: 


- 3) 


(-b 

0 \ 

a 

-b 

u 

a / 


, (a^, ah, h^) , , 

M- 2 ) - '-A ^21) 


One deduces an isomorphism ^l^x!— 2^l(—^ — 3), whence an exact sequence: 


(A.31) 0 ^ ^ ^ - 3) ^ 0 

where r/i maps XF 2 (resp., 2 /F 2 ) G YiP{{^L^x){l + 3)) to (1,0) (resp., (0,1)) G H°(2 (^l). 

Notice that the ideal sheaf J^l^x dehnes a thick structure W of degree 4 on L which 
is hc.i. at no point of L (see Prop. IA.14p . 


(iv) In the exact sequence of ^L-modules: 

0 —^ —t J^x/^L^A —t ^xj^l —^ 0 

one has ^xj— Gl[—1 — 2) and J^l^x — ^l{‘21). Since I > —1, it follows that 
this sequence splits. One gets an isomorphism: 


^ &l{-1 - 2) © ^l(2/) . 

Under this isomorphism, the image of F 2 G H°(.^x(^ + 2)) into H°((.^x/-^l-^a)(^ + 2)) is 
identihed with (1,0) and the image of x'^ (resp., xy, resp., y'^) G H°(=/x(2)) is identihed 
with (0,a^) (resp., (0,a6), resp., (0,b^)). 


A.5. Quasiprimitive structures of degree 3. Let U be a locally CM curve of degree 
3 supported on the line L. V is a quasiprimitive multiple structure on L unless it is 
the hrst inhnitesimal neighbourhood of L (dehned by the ideal sheaf Assume, 
from now on, that Y is quasiprimitive. The CM hltration of Gy has three steps Gy D 
© J^xj © ( 0 ), where X is a double structure on L with G^x — Gl{1 ) for 
some / > — 1, and where ^xj— GL{2l + m) for some m > 0. One has an isomorphism 
of G ^-modules: 

Gyc^GL® Gl{1) © Gl{21 + m) 

and if 1 G H°(^y), Ci G H°(^y(—/)), 62 G H°(^y(—2/— m)) are the corresponding gener¬ 
ators of the graded H°(^i) = /c[a;o, Xij-module R^(Gy) then the multiplicative structure 
of Rl{Gy) is dehned by: 

Cl = pe 2 , 6162 = 0 , 62 = 0 

with 0 7 ^ p G R^^Giijn)). The canonical epimorphism ^ps —)■ Gy induces a morphism of 
graded fc[a:o, 3 :^i]-algebras S = H°(^p 3 ) —>■ H°(i^y) uniquely determined by the images of 
X, y & S. Let’s say that: 

X I—)■ aei + a '62 , y ^ bei + bl 62 
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with a, b & + 1)) and a', b' G + m + 1)). The canonical epimorhism 

^l/^l ^l !can be identihed, in the category of ^i-modnles, with the morphism 

£3 : 20 'l{— 1 ) © 2 ) ^l{ 1 ) ® ^l( 2 / + m) dehned by the matrix: 


(A.32) 


f a b 0 0 0 \ 

ya' b' pa? pab pb^ J 


The snrjectivity of £3 is eqnivalent to the fact that a and 6 , on one hand, and Ai : = 
ab' — a'b and p, on the other hand, are coprime. Moreover, there exist elements Vq, fi, V 2 G 
+ m)) snch that: 

Ai + voa^ + viab + V2b^ = 0 
(one uses the exact sequence flA.TD b 


Now, recalling the notation F 2 := —bx + ay, the homogeneous ideal I(Y) C S' of F is 
generated by: 

F3 = pF2 + vqx"^ + vixy + V2y‘^ , XF2 , yF2 , x^ , x'^y , xy'^ , y^ . 


I{Y) admits a graded free resolution over S of the form: 


0 


© 

2^(-/-5) 


2S'(-/-m-3) 

© 

4^(-/-4) 


di. 


3^(-4) 

with di and ^2 dehned by the matrices: 


S{-l-m-2) 

© 

2S{-l-3) 

© 

4^(-3) 


/(F) 


( X 

y 

0 

0 

0 

0 

0 

0 

o\ 

(-y 

X 

0 

0 

0 0 

-p 

0 

X 

y 

0 

0 

0 

0 

0 


0 

-y 

0 

0 

-p 

0 

0 

X 

y 

0 

0 

0 


-p 

X 

0 

-Vo 

0 

b 

0 

0 

0 

-y 

0 

0 


p 

0 

-y 

-Vi 

-Vo 

—a 

b 

b 

0 

X 

-y 

0 


0 

0 

X 

-V2 

-Vl 

0 

—a 

—a 

b 

0 

X 

-y 


Vo 

-b 

0 

\ 0 

-V2 

0 

0 

0 

—a 

0 

0 

X / 


Vl 

a 

-b 











\V2 

0 

a ) 

that in 

the 

primitive 

case, 

i.e.. 

when 

m 

= 0 hence p = 

1 , 

liY) i 


only by F 3 , x^, x'^y, xy"^, y^ (i.e., F is the divisor 3L on the surface F 3 = 0, which is 
nonsingular along L) and one can cancel a number of direct summands of the terms of 
the above free resolution of /(F). 

The graded S-module H°(^y) admits the following free resolution: 

S(-2) 2^(-l) ^ 

^ . © r ^ 

C2. 00/7 Cl 


0 


^(/- 2 ) 


2 ^(/- 1 ) 


S{1) 


H 


'Y 


0 , 


S(2Z + m-2) 2S{2l + m-l) S{2l + m) 
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0 0 \ 

0 0 

-y 0 

X 0 
pb -y 
-pa X / 

Remark A.17. Keeping the above hypotheses and notation, we want to describe, for later 
use, the successive quotients of the descending chain of ideal sheaves D ^l^x- 

The right square of the commutative diagram of i^pa-modules : 

0 - 1 1 1 ^ 0 

0 -^ ^ ^lI^I -^ ^hl^x -^ 0 

can be identihed, in the category of (^L-modules, with; 

2^l(-1) ©3^l(-2) ^l(/) © ^l( 2/+ m) 

pri 

2^i(-l)©3^i(-2) ^i(/) 

where £2 is dehned by the matrix (a, 6 , 0, 0, 0) and £3 by the matrix flA.32D . One 
deduces an explicit isomorphism ^l( 2 Z + m) ^ ^xj whence an exact sequence: 

0 —f —>■ J'x ^ ^ ^ l ( 2 ^ + Tn) —y 0 

where p maps F 2 G + 2 )) to Ai G H°(^i(3/ + m + 2 )) and x^ (resp., xy, resp., 

y"^) G H°(j^x(2)) to pa^ (resp., pab, resp., pb‘^) G H°((^l(2Z + m + 2)). 

Now, the last exact sequence induces an exact sequence: 

0 ^ Jy/^l^x ^xl^L^x A ^i( 2 / + m) ^ 0 . 

Taking into account Remark lA.lbl iv). this exact sequence can be identihed with the 
sequence: 

( ^ ] 

\—'^1/ fAi n) 

0 ^l{-1 -m-2) ^- 2 ) © ^l( 2 /) ^ ^^( 2 / + m) ^ 0 . 

One deduces an isomorphism J^y/4l4a — ^l{— 1 — m — 2), whence an exact sequence: 

(A.33) 0 —^ J^L^x —y J^Y ^ ^l{- 1 -m-2) —^ 0 

where p 2 maps F 3 := pF 2 + Vqx'^ + Vixy + V 2 y‘^ G H°(J^y(Z + m + 2)) to 1 G (recall 

that VqO^ + Viab + = —Ai). 


with 5i and 62 dehned by the matrices: 


X 


-b 

-b' 



f-y 

X 

b 

—a 

b' 

\-a' 
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Appendix B. Curves with a multiple line as a component 

We shall denote, in this appendix, the projective coordinates on by tq, ti, 0:2, 0:3, 
hence the projective coordinate ring of P^ is S' = k[xQ, Xi, X2, x^]. We consider the following 
points and lines in P^ : 

Po = (1 : 0 : 0 : 0 ), Pi = (0 ; 1 : 0 : 0 ) , P2 = (0 : 0 : 1 : 0 ) , P3 = (0 : 0 : 0 : 1 ) 

Li = PqPi = {X 2 = Xg = 0 } , L[ = P2P3 = [xq = Xi = 0 } 

L2 = P0P2 = {2^1 = T3 = 0} , -^2 ~ P1P3 = {2^0 = a;2 = 0} 

P3 = P0P3 = {xi = X2 = 0 } , P3 = P1P2 = {xo = Xs = 0 } . 

We shall need the following easy results: 

Lemma B.l. Let Z and W be closed subschemes o/P^ such that ZnW = 0 . Assume that 
Z is arithmetically CM of pure codimension 2 . Consider minimal graded free resolutions: 

0 —^ Ai —^ Ao —^ I{Z) —^ 0 
0 P2 ^ Pi —t Po —^ I{W) —^ 0 . 

Then: (a) A, B» is a minimal graded free resolution of the ideal I{Z)I{W). 

(b) I{Z U W) = I{Z)I{W) if, moreover, W is arithmetically CM of pure codimension 

2. 

Proof, (a) Tensorizing by the exact sequence: 

0 —v Ai —y Aq —y —y Gz —^ 0 

one gets an exact sequence : 

0 —\ Ai 0 t Aq 0 t ^ Gz —y 0. 

But Ker {J'w Gz) = whence an exact sequence: 

0 - \ Ai 0 \ Aq 0 1 ’Z'zyjW —t 0 . 

Applying H 2 (—) to this exact sequence one gets an exact sequence: 

0 —^ Ai 05 I{W) Ao 05 I{W) I{Z U W). 

The image of Aq 05 I{W) -P I{Z U W) is I{Z)I{W). 

(b) Since = 0 it follows that Aq 05 I(W) —)■ 1(0 U W) is surjective. Notice 

that, under the hypothesis of (b), one has P2 = 0. □ 

Remark B. 2 . Let R = k[xQ,xi\ and let J C P be a homogeneous, P+-primary ideal. 
Then JS is the homogeneous ideal of an arithmetically CM subscheme of P^ supported 
on the line of equations Xq = Xi = t). 

Indeed, X2, X3 is an P/JP-regular sequence because S/JS ~ (P/J)[a;2,0:3]. 
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Remark B.3. (a) If I (resp., J) is the ideal of S generated by the monomials mi,..., rris 
(resp., ni,..., nj then / fl J is generated by the monomials [m*, rij], 1 < i < s, 1 < j < t, 
where [f,g] denotes the least common multiple of / and g. 

(b) If I is the ideal of S generated by the monomials mi,..., m* then: 

{{rnurn,) : /) = H + 5^^") , 

1=3 V rui J 

Remark B.4. We recall, from Lazarsfeld and Rao |22], the notion of basic double linkage 
(which is a particular case of the notion of liaison addition introduced by Schwartau [30]!. 

Let R be a locally CM subscheme of P^, of pure codimension 2, and let /, h G 5+ be 
coprime homogeneous polynomials, of degree a and c, respectively, such that / G I(Y). 
Let Z be the closed subscheme of P^ defined by the homogeneous ideal J := Sf + I(Y)h. 
Set theoretically, one has Z = YU{f = h = 0}. Consider a graded free resolution of the 
homogeneous ideal I(Y) C S: 

0-^K2^Ki^Ko^ I{Y) 0 . 

One has an exact sequence: 

/-h\ 

0 S{-a - c) ^ A S{-a) © I{Y){-c) J ^ 0 . 

The morphism S{—a) I(X) defined by / lifts to a morphism 0 : S{—a) —?• Kq. One 
deduces that the sequence : 

( -h 0 
~ c) 1 di{—c) 

> © ^- 

K,i-c) Koi-c) 

is exact hence Z is locally CM and J = I{Z). 

Lemma B.5. Let X Y Y Y Z be closed subschemes of a scheme P and let T be another 
closed subscheme of P. Let us denote by cf) the composite morphism ^yvjf '■= 

J'y -» Recall that ^zut embeds into Gt- Then: 

(a) One has exact sequences: 


s{- 


(/, hdo{-c)) 


> J -)■ 0 


0 ^ K^i-c) 


d2{-c) 


0 - > J'Z^JT - 1 J'yyiT 1 

0 — f Im 0 X {0} —f Gz\jt —t Gyvjt —t 0 . 

(b) If Z nT = 0 then 0 is an epimorphism. 

(c) If J^x^Y 'P ^z then Coker 0 is an GxrT -module. 

Proof, (a) One has Ker0 = ^z O (=/y O = Z^z O =: -^zur whence the first 
exact sequence. For the second exact sequence, notice that the image of the composite 
morphism ^yut ^ Gp ^ Gz coincides with Im0, and that the composite morphism 
^YvjT Gp —)■ Gp is 0 (because ^Yyvjt Y ^t)- 
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(b) Supp(C Z and 0 is surjective on the open neighbourhood P\T of Z. 

(c) Coker (j) ~ Cl J’t')) is annihilated by J'x + ='■ ^xot- n 

B.l. A double line union a line. Let X be a (primitive) double structure on the line 
Li C P^. We use the results and notation from Subsection IA.4I (with x replaced by X2, y 
by X3 and L by Li). 

Recall that ^ as an -module, for some / > — 1, and that if 1 G 

H°(^x) and ei G H°(^x(—0) are the corresponding generators of the graded H2 ((^i,i) = 
A:[a;o, Tij-module H°((^x) then the multiplicative structure of H°(^x) is dehned by ef = 0 
and the morphism of ^[xo, Tij-algebras S = H°(^p3) —)■ H°((^x) maps X 2 to aei and X 3 to 
tel, for some coprime a, b G H°(^i^(/ -|- 1)). 

Recall also, from Remark IA.161 that one has exact sequences: 

0 -)■ J^x -^ ^ - > 0 , 

0 ^ (-/ - 2) ^ 0, 

where vr maps X 2 , X 3 G to a, 6 G YfP^ respectively, and where rj maps 

F 2 := -bx 2 + ax 3 G H°(^x(/ + 2)) to 1 G It follows that I{X) = SF 2 + /(Li)^. 

Consider, now, another line L C P^ and let 0 (resp., ip) denote the composite morphism: 

(resp., J^xuL ^x ~ 2)). 

It follows, from Lemma IB.51 that one has exact sequences: 

0 1 J^XVJL —^ — 1 — 2) , 

0 - > Im0 X {0} > ^XUL - > ^LiUL > 0 . 

Moreover, Cokeris an ^LiHL -module. Lemma IB. II implies that: 

Lemma B. 6 . The homogeneous ideal ^ ULj) of L^i'^ ULj admits the following graded 
free resolution: 

0 2R(-5) ^ 7^(-4) ^ 6R(-3) ^ U L[) 0 

with the differentials do, di, ^2 defined by the matrices: 

{xqxI , X0X2X3 , XqxI , Xxxl , X1X2X3 , xixl ), 

/—X3 0 0 0 —Xi 0 0 

X2 —X3 0 0 0 —Xi 0 

0 a;2 0 0 0 0 —Xi 

0 0 —X3 0 Xo 0 0 

0 0 0:2 —X3 0 xo 0 

\ 0 0 0 X 2 0 0 Xo 


/-Xi 

0 

Xo 

0 


\ 0 


0 \ 
-Xi 
0 

Xo 

0 


X3 

-X2 X3 


-Xn / 














64 


ANGHEL, COANDA AND MANOLACHE 


Lemma B.7. If I = —1 {hence a, b E k and F 2 = —bx 2 + ax^ is a linear form) then 
X is the divisor 2Li on the plane H D Li of equation F2 = 0 . Actually, if b 0 then 
kF 2 + kx 3 = kx 2 + kxs and I{X) = {F 2 , x^). □ 

Proposition B.8. If I > 0 then I{X U L[) = SF 2 + (xq, xi)(x 2 , xs)^. 

Proof. By what has been said at the beginning of the subsection, one has an exact 
sequence: 

0 — > ^ AI'xul[ —^ ^Li{—1 — 2 ) —)■ 0 . 

Our hypothesis implies that F 2 G I{X U L[) from which one deduces that the sequence: 

0 ^ /( 4 ^^ U L[) I{X U L[) S{Li){-l - 2 ) 0 

is exact. Lemma fB.bl implies that I{L^i^ ^ L'l) = (^ 0 , 4 :i)(x 2 , xs)^. Notice that the last 
exact sequence allows one to get a graded free resolution of /(X U L'^). □ 


Lemma B.9. Let L be a line contained in the plane X 3 = 0 and different from Li. It is 
given by equations of the form i = x^ = 0, where I = CqXq + CiXi + C 2 X 2 and at least one 
of the coefficients Cq, Ci is non-zero. Using a linear change of coordinates invariating X 2 , 
X 3 and the vector space kxo + kxi, one can assume that i = xi -\- 0 x 2 , c E k. Then the 
homogeneous ideal U L) of U L admits the following graded free resolution: 


S{-3) 
0 —^ © 
5(-4) 


(-X 3 

X2 

V 0 


-lX2\ 

0 

X3 y 


A 


(^22:3 , xl , Ixl)^ 

0 - 

^(-3) 


> U L) ^ 0 


Proof. One has U L) = (x^, X2X3, x|) O {i, X3) = (X2X3, x|, ixl). If Z' is the 

curve directly linked to U L by the complete intersection dehned by x| and ix^ 
then I{Z') = (x 3 , 1 x 2 ) hence Z' = Li U L. One can apply, now, Ferrand’s result about 
liaison. □ 


Proposition B.IO. Let X be the double structure on the line Li considered at the be¬ 
ginning of this subsection and let L be the line of equations i = X 3 = 0, i := Xi + 0 x 2 , 
considered in Lemma lB.tA 

(a) If Xl I b, i.e., if b = xibi then I{X U L) = {F 2 — cfeiXn, X 2 X 3 , Xo, ixn). 

(b) Ifxifb then I{X U L) = {m, X 2 X 3 , x^, ixl). 

Proof. By what has been said at the beginning of the subsection, one has an exact 
sequence: 

0 —)■ ^ A^xul —^ ^Li{—1 — 2 ) . 

Moreover, Coker-0 is an ^LinL - ^{Po} -module. Actually, since iF 2 E I{X U L) and 
if>{£F 2 ) = ri{iF 2 ) = Xl E H°(^Lj( 1)), it follows that Xi^Lj(—/ — 3) C Im'^ C — 2). 
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(a) Since b = Xibi, F 2 — cbix^ vanishes on L hence belongs to I{X U L). Since — 

cbixl) = t]{F 2 — 061 X 2 ) = 1 G it follows that xjj is an epimorphism and that one 

has an exact seqnence : 

(B.l) 0 ^ U L) ^ I{X U L) 5(Li)(-/ - 2) ^ 0 . 

(b) We prove, hrstly, the following: 

Claim. Im V’= / — 3). 

Indeed, assnme that Im-^ = — 2). Since H);(<y^(i)^^) = 0 by Lemma [EH there 

exists an element / G + 2)) snch that V’(/) = 1 G Bnt V’(/) = h(/) 

hence f = F 2 + fox^ + / 1 X 2 X 3 + / 2 X 3 , with /o, /i, /2 G Si. Since / | L = 0 it follows that: 

(*) -(6 I L)x 2 + (/o I L)x 2 = 0. 

The composite map A:[xo,X 2 ] S' -» S(L) is bijective and, with respect to this identih- 
cation, 6 | L = 6 (xo, — 0 x 2 ). Since Xi f 6 it follows that X 2 f 6 (xo, — 0 x 2 ) which contradicts 
relation (*). The claim is proven. 

Now, according to the Claim, xjj can be written as a composite morphism ^x\jl —t 
— 3) — 2) with 'ip'{IF 2 ) = 1 G One deduces the existence of 

an exact sequence: 

(B.2) 0 ^ U L) ^ I{X U L) S{Li){-l - 3) 0 . 

Notice that the exact sequences fIB.ip and flB.2p can be used not only to describe 
system of generators of I{XUL) but also to get a graded free resolution of this ideal. 

Proposition B.ll. Under the hypothesis of Prop. \B.10\ : 

(a) If xi \ b then admits the following graded free resolution: 


S(-3) 
0 ^ © 
S(/-3) 


I-iX2 

0 \ 


0 

-£6i 

-X 3 

V a 

X2 y 


S(-l) 

© 

> S(-2) 


2S(/-2) 


/ X3 £x2 0 0 \ 

\-bi -a X 2 X 3 ) 


S 


S(/-l) 


(1, XiCi) 




(b) If Xi\ b then H°(^xul) admits the following graded free resolution: 


S(-3) 
0 ^ © 
S(/-2) 


/-iX 2 

0 \ 

X 3 

0 

-ib 

-X 3 

Vxia 

X 2 y 


S(-l) 


X 3 

b 


iX2 0 0 

-XiO X2 X3 


S 


S(/) 


(1, ei) 


> S(-2) 

© 

2S(/-1) 


■» H°(^xul) 0 . 


□ p 
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Proof. By what has been said at the beginning of this snbsection, one has an exact 
seqnence: 

0 —> Ini0 X {0} - 1 ^XUL - 1 ^LiUL —t 0 . 

Since I{Li U L) = ix 2 ), the image of 0 coincides with the image of the composite 

morphism: 

<^p( — 1 ) © ^p( — 2 ) ^ J^Li 1 <^Li (0 

which, in turn, coincides with the image of the composite morphism: 

(0 xi\ 

0 i (cl b) 

© ^Li(- 2 ) ^4 2 ^i,(-l) 

i.e., with the image of the morphism ( 6 , Xio) : 

(a) In this case Im0 = —1). Since the graded S'-module H°(^ 2 .iul) is generated 

by 1 G (ffL iul) i the morphism ^ is surjective. One deduces the 

existence of an exact sequence : 

0 S(L^Al - 1 ) ^ HO(^xul) ^ 0 

where the left morphism maps 1 G *S'(Li) to the element of H°((^xul(~^ + 1)) whose image 
into + 1 )) © + 1 )) is (xiCi, 0 ). 

(b) In this case Im0 = ^lAA one deduces, as in (a), the existence of an exact 
sequence: 

0 ^ S(U){1) H°(^xul) 0 

where the left morphism maps 1 G *S'(Li) to the element of YA'(ff xvjl{~()) whose image 
into YA{ffx{-l)) © is (ei, 0 ). □ 

B.2. A triple line union a line. Let F be a quasiprimitive triple structure on the line 
Li C P^. We use the results and notation from Subsection IA.5I (with x replaced by 0 : 2 , y 
by X 3 and L by Li). 

Recall that, as an -module, 

Gy ~ Gi^^ © Gi^AS) ® + ra) 

for some integers / > — 1 and m > 0, and that if 1 G H*^ (Gy), ei G H°(^y(-/)), 62 G 
2 / — m)) are the corresponding generators of the YAAG^A = A:[xo, a^ij-module 
then the multiplicative structure of YL^Gy) is dehned by ef = pe 2 , 6162 = 0 , 
62 = 0 for some 0 7 ^ p G YA(GlA'’^)) S'lid that the morphism of graded fc[xo, a^ij-algebras 
S = 11° (^ps) —)■ 11° (^y) maps X 2 to aci + a' 02 and 0:3 to hei + 6 'e 2 , for some a, b ^ 
H°(^Li(^ + 1)), 0 .', b' G H°((^i^(2/ + m + l)). a and 6 , on one hand, and Ai := ab' — a'b and 
p, on the other hand, must be coprime. Moreover, there exist vq, vi, V 2 G YA(Gli{ 1 + rn)) 
such that 

Ai + voo^ + viob + 02^^ = 0 . 

Y contains, as a subscheme, the double structure X on Li dehned by the exact sequence : 
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where vr maps X2, X3 G to a, 6 G + 1)), respectively, and is con¬ 
tained in the quadruple thick structure W on Li defined by the ideal sheaf (see 

Prop. IA.14D . Recall that the polynomial := —hx^ + axj, belongs to + 2 )) and 

that the polynomial F3 := pF2-\-VQx\-\-ViX2X'i-\-V2x‘l belongs to H°(.^y(/-|-m-|- 2 )). Then, 
according to Remark lA.lbf iii) and to Remark IA.171 one has exact sequences: 

0 ^ (-/ - 3) ^ 0 , 

0 — y —)■ ^ G (—/ — m — 2) —)■ 0 , 

0 —^ ^y — > J^X Glx (2/ + m) —^ 0 

where rji maps X2F2 (resp., 0:3^2) £ + 3 )) to (1,0) (resp., (0,1)) G } 1 ^{ 2 Gl^), 

where r]2 maps F3 G H°(=/y(/ -|- m -|- 2 )) to 1 G H°(^iJ, and where p maps F2 G 
H°(^x(^+ 2 )) to Ai G H°((^L^( 3 /-|-m-|- 2 )) and X2, X2X2,, x^ G H°(e/x( 2 )) to pa^, pa 6 , pb"^ G 
H°(^Li(2^ + m + 2 )). It follows, in particular, that I{W) = /(Li)J(X) and that HY) = 
SF^ + I{W). 

Consider, now, another line L C P^. Let us denote by " 01 ) '02 and 0 the following 
composite morphisms: 


t JV ‘^Gixi—l — 3), 

-Yyul —> -Yy ^Li — m — 2), 

—> ^x Glx {2,1 + m). 

It follows from Lemma IB.5I that one has exact sequences: 

0 

0 
0 

Moreover, Coker- 0 i, Coker 02 and Coker 0 are ^^.^nL-iiiodules. 

The following lemma follows easily from Lemma IB. II 

Lemma B.12. Let denote the second infinitesimal neighbourhood of Li in P^ defined 

by the ideal sheaf Then the homogeneous ideal I{Lf^ U L[) U L\ admits the 

following graded free resolution : 

0 3R(-6) ^ 10R(-5) ^ 8R(-4) ^ I{Lf^ U L[) 0 




‘Ywul ■ 
02 


01 


00 -/- 3 ), 


L^w\jl —t d^yuL —t Gifi—l — m — 2), 
Im0 X {0} —> Gyul —t ^xuL —t 0. 
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with do, di, d 2 defined by the matrices-. 

{xqxI , XqxIxs , XoX2xl , xqxI , Xix\ , xix\xz , XiX2xl , , 



0 

0 

0 

0 

0 

-Xi 

0 

0 



/-Xi 

0 

0 

-Xi 

0 0 

X2 

-2^3 

0 

0 

0 

0 

0 

-Xi 

0 

0 


0 

0 

-Xi 

0 

X2 

-X3 

0 

0 

0 

0 

0 

-Xi 

0 


Xo 

0 

0 

0 

0 

X2 

0 

0 

0 

0 

0 

0 

-Xi 


0 

Xo 

0 

0 

0 

0 

-X3 

0 

0 

Xo 

0 

0 

0 


0 

0 

Xo 

0 

0 

0 

X2 

-X3 

0 

0 

Xo 

0 

0 


X3 

0 

0 

0 

0 

0 

0 

X2 

-X3 

0 

0 

Xo 

0 


-X2 

X3 

0 

0 

0 

0 

0 

0 

X2 

0 

0 

0 

Xo / 


0 

-X2 

X3 












V 0 

0 

-X2J 


Lemma B.13. Assume that I = —1 and b ^ 0. Recall Lemma B. 7 Then: 

(a) One can assume that vq = vi = 0 hence that F 3 = pF 2 + V 2 x\ with p and V 2 : = 
—Ai/ 6 ^ coprime ] 

(b) liW) = {F 2 , X 3 F 2 , xl) and W is directly linked to X by the complete intersection 
of type (2,3) defined by Ff and Xg hence W is arithmetically CM and I{W) admits the 
following graded free resolution: 


^(-3) 


F 2 

0 


0 \ 


-Xo 


^2 / 


2 ) ^f^^x^F2,xI) 


» I{W) 


S{-A) 5(-3) 

Lemma B.14. If I = —1 and m = 1 then Y is directly linked to Li by a complete 
intersection of type (2, 2) hence it is arithmetically CM. Actually, Y is the Weil divisor 
3Li on the guadric cone Fg = 0. 


Proof. Assume that 6 7 ^ 0. Using the notation from Lemma IB.131 p is a linear form 
and V 2 is a constant. Since p and V 2 are coprime, one has V 2 7 ^ 0. It follows that 
I{Y) = S'Fg + I{W) = (Fg, Ff,x^F 2 ) hence Y is directly linked to Li by the complete 
intersection defined by Fg and Ff. One gets, consequently, the following graded free 
resolution; 

( F 2 0 \ 

-p -X3 
\—V2Xs F 2 ) 

0^25(-3)- -^-4 35(-2) ^/(U) ^0. □ 


Proposition B.15. (a) If I = —1 and m>2 then: 

I{Y U L[) = SFs + (xo, xi)(x 2 , X 3 )/(X). 

(b) If I >0 then: 

I{Y U L[) = SF 3 + SX 2 F 2 + SX 3 F 2 + (xo, Xi)(x 2 , X 3 )^ . 
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except when I = m = 0 and L[ is not contained in the quadric surface Q of equation 
F 3 = 0 {which means that at least one of the constants Vq, Vi, V 2 is non-zero) in which 
case: 

I{Y U L[) = SxqFs + SX 1 F 3 + SX 2 F 2 + SX 3 F 2 + (xo, xi)(x2, xs)^ . 

Proof, (a) One uses the exact sequence: 

0 —> J^wuL[ — > ^Li{—'m — 1 ) —y 0 

(look at the beginning of this subsection). W is arithmetically CM (by Lemma [B.lSf bii 
hence I{W U L[) = I{W)I{L[) (by Lemma IRTI) . Since m > 2 it follows that F 3 vanishes 
on L[ hence F 3 G I{Y U L[) hence ip 2 {F's) = V 2 {F's) = 1 G H°((^iJ. One deduces the 
exactness of the sequence : 

0 I{W U L'f) I{Y U L[) ^(Li)(-m - 1) ^ 0 . 

(b) As we saw at the beginnig of this subsection, one has exact sequences: 

0 - > 1 ‘^^Li{—1 — 3) —> 0 

0 — )■ J^wuL[ — t J^yul[ ^Li {—I — rn — 2) —)■ 0 . 

Since I >0, F 2 vanishes on L[ hence X 2 F 2 , X 3 F 2 G I{W U L[) hence the sequence: 

0 I{Lf^ U L[) I{W U L[) 2^(Li)(-/ - 3) ^ 0 


is exact. 

On the other hand, if Z > 1, or if Z = 0 and m>lorifZ = m = 0 and xq = xi = ^2 = 0 
then F 3 vanishes on L[ hence F^ E I{Y U L[) hence the sequence: 

0 ^ I{W U L[) I{Y U L[) ^(Li)(-Z - m - 2) ^ 0 

is exact. 

Finally, if Z = m = 0 and at least one of the constants Xq, Xi, X 2 is non-zero then F^ 
doesn’t vanish on L[ hence H°(j^yui/^( 2 )) = 0. On the other hand, X0F3 and X1F3 vanish 
on L[ hence they belong to H°(j^yuL'i (3)) and ip 2 {xiF 2 ) = mixiF^) = x* G H°(^i^(l)), 
Z = 0, 1. One deduces the exactness of the sequence: 

0 ^ I{W U L[) I{Y U L[) 5(Li)+(-2) ^ 0 . 

Notice that the exact sequences appearing in this proof can be used to get (easily) a 
concrete graded free resolution of I{Y UL[). (A minimal graded free resolution of 5(Li)+ 
can be found in the discussion following the proof of Prop. IA.12[ i □ 
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(" 2 ^ ^o\ 

Lemma B.16. The homogeneous ideal I{L\ VJL 2 ) of L\ UL 2 admits the following graded 
free resolution: 


2S{-A) 
0 —^ © 

S{-b) 


[-X 3 . 

X 2 

0 

V 0 


0 

-Xz 

X2 

0 


-XlX2\ 

0 

0 

X3 y 

-)■ 


35(-3) 

© 

^(-4) 


(xlx3, X2xl, ^ 


0 . 


Proof. Using Remark IB. 31 one gets: 

U L 2 ) = {xl, xlxs, X 2 xl, X 3 ) n (a;i, X 3 ) = (X 2 X 3 , X 2 X 3 , 0 : 3 , 0 : 1 X 2 ) . 

If Z' is the curve directly linked to L® U L 2 by the complete intersection defined by x| 
and X 1 X 2 then, using Remark IB. 31 

i(z') = (xl X 1 X 2 ) n (x 3 , X 1 X 2 ) = (X 3 , X 1 X 2 , X 1 X 2 X 3 ). 

If Z" is the curve directly linked to Z' by the complete intersection defined by x| and X 1 X 2 
then I(Z") = (x 2 , X3), i.e., Z" = Li. Using Ferrand’s result about linkage one deduces 
that the free resolution of I(Lf^ U L 2 ) has the numerical shape from the statement and 
its differentials are easy to guess. □ 


Lemma B.17. Using the notation recalled at the beginning of this subsection: 

(a) If Xl \ b then xi \ b' if and only if xi \ Vq. 

(b) If Xi\b then one can assume that Xi | 6 '. 

(c) If Xl \ b and m > 1 then one can assume that Xi | Xq- 

Proof, (a) This follows from relation flA.Sp : ab' — a'b + VQof + Viah + 02 !’^ = 0 (recalled at 
the beginning of this subsection). 

(b) Let a G I1°(^£,^(Z + m)). Replacing the generators 1, ei, 62 of the = 

A:[xo, Xi]-module Il°(i^y) by the generators 1, e[ = ei + ae 2 , 63 = 62 one has e'l‘ = pe '2 
and the morphism of graded /c[xo,Xi] -algebras S = Il°(^p 3 ) —)■ Il°(^y) maps X 2 to 

+ (a' — aa)e '2 and X 3 to + (h' — ah)e' 2 . Consequently, (a, h, a' — aa, b' — ab, p) and 
(a, b, a', b', p) dehne the same triple structure on Li. 

If / = —1 and m = 0 then 6 ' = 0 because it belongs to II°(i^i;,^(—1)) = 0. Assume, now, 
that I = —1 and m > 1 or that / > 0. If Xi f 6 then, since b' has degree 2/ + m + 1 > / + 1, 
there exist a G + m)) and b[ G + m)) such that b' = ab + b[xi. 

(c) XQ) Xl, V 2 are (any) elements of II°(i^i^(/ + m)) that satisfy relation flA.Sp recalled in 
the proof of (a). If Xi f 6 then Xio and b are coprime. Since b' has degree 2 / + m + l > 2 /+ 2 
(we used, here, the hypothesis m > 1), one can hnd elements Xq G H° (^lAI + m - 1 )) 
and v[ G H°(i^i^(/ + m)) such that: 

b' = v'^xia + v'lh. 

One gets, similarly, elements v”,V 2 G II°(^£,^(/ + m)) such that a' = v”a + V 2 h. One may 
take Vo = —xiVq and vi = —+ v". □ 
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Proposition B. 18 . Using the notation recalled at the beginning of this subsection and 
assuming that the conditions from the conclusion of Lemma \B. 17 \ are fulfilled, one has: 

(a) If xi \ b and xi \ b' then I{Y U L2) = (-F3, X2F2, X3F2, x\xz, X2x\, x\, xix\). 

(b) If xi\h and xi \ h' then I{Y U L2) = {x\F^, X2F2, X3F2, x^xz, X2x‘l, Xg, xixf) ■ 

(c) If Xi\b and Xi \ p then I(Y U L2) = (-F3, 0:3^2, X1X2F2, x^Xz, X2x‘l, x\, xix\). 

(d) If Xi\ b and Xi\ p then I{Y U L2) = (xiFg, XzF2, X1X2F2, x^Xz, X2x‘l, x\, xix\). 


Proof. We use the exact sequences: 

0 —)■ ^ d^wuL2 / — 3), 

0 —> ^wvjL 2 —^ ^y\jL 2 — m — 2) 

introduced at the beginning of this subsection. Since X 1 X 2 F 2 , XzF 2 and X1F3 vanish on 
L 2 , the hrst two of them belong to I{W U L 2 ) and the third one to /(P U L 2 ) hence : 

- 4) © ^Li(-^ - 3) C Imi/'i C 2^2.1 (-^ - 3) , 

and Z — m — 3) C lm-ifj 2 F — m — 2). 

Claim 1. Im-^i = — 3) if and only if xi \ b. 

Indeed, the “if” part is clear (because, in this case, X 2 F 2 vanishes on L 2 ). For the “only 
if” part assume that Iraipi = 2&Li{—1 — 3). Since, by Lemma [6.161 = 0 

it follows that there exists / G H°(JVuL 2(^ + 3)) such that '0i(/) = (1)0) G 
Since '0i(/) = Pi{f) it follows that / must be of the form: 

/ = X 2 F 2 + foxl + fixlxz + f2X2xl + fzxl 

with /o, ■ ■ ■, /s e Si. One has : 

0 = / I ©2 = -b{xo, 0)a;2 + /o(xo, 0, X 2 , 0 ) 0:2 

hence h{xQ, 0) = 0 hence xi \ b. Claim 1 is proven. 

One deduces, from Claim 1, that if Xi | 6 then one has an exact sequence: 

0 ^ I{Lf^ U L 2 ) liW U L 2 ) 25(Li)(-Z - 3) ^ 0 , 

and if Xi f 6 then f)i factorizes as : 

^wuL 2 ^ ^lA-1 - 4) © ^Li(-Z - 3) 2ffLA-l - 3) 

with fj'{X 1 X 2 F 2 ) = (1,0) G ©^Lj(l)), i>'{xzF 2 ) = (0,1) G H°(^Lj(- 1) © and 

one has an exact sequence : 

0 /(L® U L 2 ) I{W U L 2 ) — S{Lz){-l - 4) © ^(Li)(-/ - 3) ^ 0 . 

Claim 2. // 0:1 | 6 then Im'^2 = ^Li{— 1 — m — 2) if and only if Xi \ b'. 
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Indeed, the “if” part is clear (Lemma IB.lTl ai implies that Xi \ Uq hence vanishes on 
L 2 ). For the “only if” part, assnme that \m.'ip 2 = — m — 2). Using the exact 

seqnence: 

0 —)■ ^ d^wuL2 — 3) —)■ 0 

and Lemma [B. 161 one gets that YA{^wuL 2 A + 7 n + 2)) = 0. One dednces that there exists 
an element / G H°(JVuL 2 (^ + ^ + 2)) snch that ' 02 (/) = 1 G Since ' 02 (/) = vAf) 

it follows that / mnst have the form: 

/ = Fg + / 0 X 2 F 2 + fix^F2 + goxl + gixlx^ + g2X2xl + g^xl 

with /o, /i G Sm-i and go, ■ ■ ■, gs ^ Fz+m-i- Taking into acconnt that F 2 | L 2 = 0 (becanse 
Xi \ b), one dednces that: 

0 = / I L 2 = vo{xo, 0 )xl + go{xo, 0 , X 2 , 0 )a ;2 • 

It follows that no( 3 ^o, 0 ) = 0 hence x\ \ vq hence, by Lemma iB.lTl ah xi | b'. 

(a) It follows from Claim 2 that one has an exact seqnence: 

Y\P{ih 'j 

0 I{W U L 2 ) I{Y U L 2 ) T F(Li)(-/ - m - 2) ^ 0 . 

(b) It follows from Claim 2 that "02 factorizes as: 

^ ^lA- 1 -m-3) AA 2) 

with AA^iFA = 1 G and that one has an exact seqnence : 

0 ^ I{W U L 2 ) I{Y U L 2 ) ^ > S{Li){-l - m - 3) ^ 0 . 

(c) Since Xi \ p one has m > 1. Since Xi \ b. Lemma IB.lTl cl implies that one can 
assnme that Xi \ Vq. It follows that Fg | L 2 = 0 hence Fg G /(U U L 2 ). One deduces that 
Im '^2 = ^Li(—^ — m — 2 ) and that one has an exact sequence: 

0 I{W U L 2 ) liY U L 2 ) S{Li){-l - m - 2) ^ 0 . 

(d) Any element / G I{Y) can be written as: 

/ = /o-Fg + / 1 X 2 F 2 + f 2 XoF 2 + foxl + fix\x^ + f 5 X 2 X 1 + /gXg 
with /o, /i, /2 G k[xo,Xi], /g G k[xo,Xi,X 2 ] and f^, /g, /e G S. One has: 

/ I F 2 = -/o(xo, 0)p(a:o, 0 )b{xo, 0 ) 0:2 + fo{xo, 0 )voixo, 0 ) 0 : 2 - 
-/i(o:o, 0 ) 6 (o:o, 0 ) 0:2 + /g(xo, 0 , 0 : 2 ) 0 :^ . 

Since o;i f 6 and 0:1 f p it follows that b{xo, 0) 7 ^ 0 and p(xo, 0) A 0. One deduces that if 
/ G I{Y U L 2 ) (i.e., if / I F 2 = 0) then, firstly, /o(xo, 0) = 0 then /i(xo, 0) = 0 and, finally, 
/g(xo, 0 ,X 2 ) = 0. This means that Xi \ fo, Xi \ /i and Xg | /g. One derives that I{Y U F 2 ) 
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is generated by the polynomials indicated in the statement. Moreover, it follows that 1^2 
factorizes as: 


-^yuL 2 ^ - m - 3) ^ -m-2) 

with = 1 G and that one has an exact sequence: 


0 —^ I{W U L 2 ) I{Y U L 2 ) 




-)■ S{Li){—l — m — 3) 


Notice that the exact sequences appearing in the above proof can be used to get (easily) 
concrete graded free resolutions of I(W U L 2 ) and of I(Y U L 2 ). □ 


Proposition B.19. With the notation recalled at the beginning of this subsection-. 

(a) If xi \ b and xi \ b', i.e., if b = xibi and b' = xib[, then H°((^yuL 2 ) (admits the 
following graded free resolution : 


^(- 1 ) 

5(-3) © 

© r —2) 

0^ ^(/-3) A © 

© 2S{1 - 2 ) 

S'(2/ + m —3) © 


2^(2/+ m-2) 


<^ 1 , 


5 

© 

Sil-1) 

© 

S'(2/ + m — 1) 




H°(^yuL2) ^ 0 


with (5o = ( 1 , xiCi, 0 : 162 ) and with (5i and 62 defined by the matrices-. 


T 3 

XIX 2 

0 

0 

0 


—a 

X 2 


0 

-b[ 

—a' 

—pa 

—pb 

X 2 



/-X 1 X 2 

0 


X 3 

0 

0 

-b 

- 2^3 

0 

a 

X 2 

0 

-b' 

pb 

-X 3 

\ a' 

—pa 

X 2 / 


(b) If Xi\h and Xi \ b' then H°(^yui 2 ) admits the following graded free resolution: 


S{-3) 

^(- 1 ) 

© 


© r 

S{1 - 3) ^ 

^(- 2 ) 

r © 

A S{1-1) 

© 

© 

2S{1 - 2 ) 

© 

2 / + m — 2 ) 

© 

S'(2/ + m 


<^0, ttO, 


2 ^( 2 /+ m-l) 


0 
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with 5o = ( 1 , XiCi , 62 ) and with (5i and 62 defined by the matrices: 


X 3 

X 1 X 2 

0 

0 

0 

-hi 

—a 

X 2 

X 3 

0 

-b' 

—Xia' 

—Xipa 

—Xipb 

X 2 


-X 1 X 2 

0 

X 3 

0 

-b 

-X 3 

a 

X 2 

—xih' 

xipb 

Xio! 

—Xipa 


(c) If Xi\b and Xi \ p then H°(i^yuL 2 ) admits the following graded free resolution: 


S{-3) 

^(- 1 ) 

0 


0 e 

0 ^ S{l-2) A 

^(- 2 ) 

A ® 

A S{1) 

0 

0 

2 ^(/- 1 ) 

0 

0 

1 

GO 

0 

S'(2/ 0 m 


uo 


mUyuL,) 0 


2S{2l + m-2) 

with (5o = ( 1 , Cl, 0 : 162 ) and with (5i and 62 defined by the matrices: 


X 3 X 1 X 2 0 0 0 0 \ 

—b —xia X2 X3 0 0 , 

—b'l —a' —pia —pib X2 X31 


''—X 1 X 2 0 0 ^ 

0:3 0 0 

—Xib —X 3 0 

xia X 2 0 

—b' pib —X 3 

^ a' -pia X 2 / 


(d) If Xi\ b and Xi \ p then H°(^yui 2 ) admits the following graded free resolution: 


S{-3) 

5(-l) 

0 

5 

0 r 

0 ^ S{l-2) A 

5(-2) 

A S{1) 

0 

0 

25(/- 1 ) 

0 

5(2/ 0 m-2) 

0 

5(2/ 0 m 


<^ 0 , ttO 


K{^yul,)^0 


2S{2l + m-l) 

with (5o = ( 1 , 61 , 62 ) and with (5i and S 2 defined by the matrices: 


X 3 X 1 X 2 0 0 0 0 \ 

—b —Xia X 2 X 3 0 0, 

—b' —Xia' —pa —pb X 2 X 31 


- 0 : 10:2 

0 

X 3 

0 

—Xib 


Xia 

X 2 

—Xib' 

pb 

Xia' 

—pa 
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Proof. Recall, from the beginning of this snbsection, that one has an exact sequence: 

0 —> Im 0 X { 0 } —t ^yuL2 —^ ^xuL2 —t 0 

with (j) is the composite morphism ^xuL2 ^Li( 2 / + m), where the epimorphism 

p-. J^x^ {21 + m) is characterized by: 

p{F2) = Ai, p{xl) = paf, p{x2X3) = pab, p{xl) = pb^ . 

Moreover, Coker 0 is an •^LinLa - ^{Po} -module which implies that xi^Lj( 2 / -|- m — 1 ) C 
Im 0 C (21 -|- m). 

It follows, from Prop. IB.lOl that \i Xi\b then J(A U L2) = (P2, 0:23^3, 0:10:2) hence 

Im 0 coincides with the image of the morphism: 

(Ai, pab, pb‘^, pxia^) : - 2 ) © 2 (^i^(- 2 ) © <^Li(- 3 ) —)■ <^Li( 2 / + m) 

and if 0:1 f 6 then I{X UL2) = (2:1^2, 2:20:3, x^, XiX^) hence Im 0 coincides with the image 
of the morphism: 

(o:iAi, pab, pb"^, pxia"^) : - 3 ) © 2 ^Li{-‘ 2 ) © ^Li(- 3 ) —)■ (^Li( 2 / + m). 

Recall, also, from Prop. IB.Ill the graded free resolution of H°(^xuL2)- 

(a) In this case o;i | Ai and xi \ b hence Im 0 = xi^Lj( 2 Z + m — 1 ). According to 

Prop. IB. 1 R ah the graded S'-module H°((^xuL 2) is generated by 1 G H°(^xuL 2) ^^'^d by 
0:161 G H°(^xuL2(~^ + 1 ))- Since H^((lm 0 )(—/ + 1 )) = 0 it follows that the morphism 
H*(^yuL2) H°(^xuL 2) is surjective. One deduces an exact sequence: 

0 ^ 5(Li)(2/ + m - 1) ^ H0(^yuL2) ^ iil{^xuL2) 0 

where the left morphism maps 1 G *S'(Pi) to the element of H'^(^yuL2(~2/— m + 1 )) whose 
image into H°((^y(—2Z — m + 1)) © 2Z — m + 1)) is (0:162, 0). 

(b) In this case, since 0:1 f Ai it follows that Im {21 + m). One derives, as in 

case (a), an exact sequence: 

0 ^(Li)(2/ + m) H°(^yuL2) H°(^xuL2) 0 

where the left morphism maps 1 G S'(Li) to the element of H°(^yuL2(~2Z — m)) whose 
image into Y^{0 ’y{—21 — m)) © — m)) is (62, 0). 

(c) In this case xi \ p hence Im 0 = 0:1 + m — 1 ). By Prop. IB.lR a). the graded 

S'-module H°(^xuL 2) is generated by 1 G H°(^xuL 2) by 61 G H°((^xuL 2(“0)- Since 
0:1 I p it follows that m > 1 which implies that H^((lm 0 )(—/)) = 0 . It follows that the 
morphism H°(^yuL2) H°((^xuL 2) is surjective. One deduces an exact sequence: 

0 ^ S{L ,){21 + m - 1 ) ^ H°(^yuL2) ^ K{^xuL2 ) 0 

where the left morphism maps 1 G S'(Li) to the element of H'^(^yuL2(~2/— m + 1 )) whose 
image into H°((^y(—2/ — m + 1)) © {i{^ l^{—21 — m + 1)) is (0:162, 0). 

(d) In this case, since 0:1 \pb‘^ it follows that Im 0 = ^^.^{21 + m). One derives an exact 
sequence: 

0 S{L ,){21 + m)^ H°(^yuL2) K{^xuL2 ) 0 
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where the left morphism maps 1 G S{Li) to the element of H°(^yuL2(~2/ — m)) whose 
image into H°(^y(— 2 / — m)) © ~ i^)) is (e2, 0 ). □ 


B. 3 . A double line union two lines. Let X be a double structure on a line in 
and Ai, A2 two other lines in P^. We want to describe the homogeneous ideal and the 
graded structural algebra of the union X U Ai U A2. One has to consider the following 
conhgurations: 

( 1 ) Ai n X ^ 0, A2 n X ^ 0, Ai n A2 ^ 0, Ai n A2 n X = 0 ; 

( 2 ) Ai n X ^ 0, A2 n X ^ 0, Ai n A2 = 0 ; 

( 3 ) AinA 2 nx^ 0 ; 

(4) Ai n X ^ 0, A2 n X = 0, Ai n A2 ^ 0 ; 

(5) Ai n X ^ 0, A2 n X = 0, Ai n A2 = 0; 

(6) Ai n X = 0, A2 n X = 0, Ai n A2 ^ 0; 

( 7 ) Ai n X = 0, A2 n X = 0, Ai n A2 = 0 ; 

Up to a linear change of coordinates in P^ one can assume that X is a double structure 
on the line Li and it suffices to treat only the following cases: 

(i) XUL2UL'3; 

(ii) X U ©2 u L'2 ; 

(iii) X U ©2 0 ©3 ; 

(iv) X U L2 U L[ ; 

(v) X U L U L[ where L is the line of equations xi + 0x2 = X3 = 0 , c G k \ { 0 } ; 

(vi) X U ©3 U L', where L' is the line of equations Xq + 0x2 = Xi = 0 , c G fc \ { 0 } ; 

(vii) X U ©3 U L'l where L'[ is the line of equations Xq — X2 = Xi — x^ = Q ] Li, L" 

are mutually disjoint lines contained in the quadric surface Q C P^ of equation 

0:0X3 - X1X2 = 0. 

For the double structure X on Li we use the notation from the beginning of Subsec¬ 
tion IB. II 

In case (i), just make c = 0 in the statements and proofs of Lemma [B .461 Prop. IB .471 
and Prop. IB .481 from Subsection IB . 41 below. The next four cases (ii)-(v) can be treated in 
an unitary manner as follows: notice, hstly, that if one takes c = 0 in the hrst equation 
of L one gets ©2- Let us denote Xi + CX2, c G fc, by i. One has /(Li U L) = (xs, f'x2). Let 
us denote by A any of the lines L[, and L3. We have to consider two subcases. 

(I) If Xi I b, i.e., if 6 = Xi6i then, according to the proof of Prop. IB.lOl a) and of 
Prop. IB.Ili a). /(X U L) = (F2 — cfeix^, X2X3, Xg, f'xl) and one has exact sequences: 

0 —>■ t y^xuL — 2) —0 

0 —t J^xuL —t J^Liul — 1) —t 0 
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with V’(-^2 — cbixl) = 1 G and with = 6 i, (f)'{lx2) = a. Let us denote by 

'ipi and (j)'i the composite morphisms: 

-^vuLuA —t J^xvjL —^ — 2 ) and J^Ljulua —> ^Livjl — 1 ) • 

Then, by Lemma IB . 51 one has exact sequences : 

0 - 1 '^^WuiuA -^ '/VULUA — l — 2 ) , 

0 — > Im 0 '^ X { 0 } —> ^xuLuA —t <^Liulua —t 0 . 

Moreover, Coker'll and Coker 0 '^ are (^L^nA-modules. 

(II) li xi \ h then, according to the proof of Prop. IB.lOf bl and of Prop. IB.llf bL 
/(X U L) = (£^2, 2:22^3, xl, and one has exact sequences: 

0 —)■ —> ^xvjL ^lA~^ ~ 3 ) —> 0 

0 - > -^XVJL —t J^LiuL ^LiA) —> 0 

with ip'AF2) = 1 G II°(^iJ, and with ^(xs) = b, (p{ix2) = Xia. Let us denote by and 
01 the composite morphisms: 

-^xuLuA —> ‘^xuL — 3 ) and J^Ljulua —t J^Liul ^lAA ■ 

Then, by Lemma IB . 51 one has exact sequences : 

0 ' 

0 - 1 ^ '/vuLUA —A ^lA~^ ~ 3 ) , 

0 —)■ Im 0 i X { 0 } —)■ ^xuLuA —t < 0 Liulua —> 0 . 

Moreover, Coker 0 ( and Coker 0 i are modules. 

Lemma B. 20 . The homogeneous ideal I{W) <Z S ofW = U L2 U L'2 is generated by 
X2X3, xqx"^, xixl and admits the following graded free resolution-. 

/-X0X3 -a;ia;2\ 

X2 0 

0 ^ 25 (- 4 )- - -^(- 2 ) © 25 (- 3 ) ^ J(IT) ^ 0 . 

Proof. I(W) is, by dehnition : 

{xj, X2X3, xl) n (Xi, 0:3) n (xo, X2) = {X2X3, xl, Xixj) n {xo, X2) = ix2X3, Xoxl, Xixj) . 

If IT' is the curve directly linked to IT by the complete intersection dehned by XqX^ and 
X1X2 then /(IT') = (xqTs, a;ia;2). One can apply, now, Ferrand’s result about liaison. □ 
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Proposition B.21. Let X be the double structure on the line Li considered at the begin¬ 
ning of Subsection \B. 1 [ 

(a) If Xi \ b and Xq \ a then J(X U L2 U L'^) = SF2 + I{L^i^ U L2 U L'^). 

(b) If xi \ b and xq \ a then /(X U L2 U L'2) = SX0F2 + I{L^i'^ U L2 U L2). 

(c) If xi \ b and xq \ a then /(X U L2 U L'2) = SX1F2 + I{l!'i"’ U L2 U L2). 

(d) If Xi\ b and Xo\ a then /(X U L2 U L'2) = SX0X1F2 + liL'"^^ U L2 U L'2). 

Proof. We use the exact sequences defined at the beginning of this subsection. Since 
Li L'2 = {Pi} one deduces that: 

- 3 ) C Ini'll C - 2 ), 

Xo^lA -1 - 4) C C - 3 ) • 

Claim 1. If Xi \ b then Ini'll = {—I — 2) if and only if Xq \ a. 

Indeed, the “if” part is clear because if xq | a then P2 | -^2 = 0 hence F2 G /(X U L2 U L'2). 
For the “only if” part, assume that Im-^i = — 2 ). Since, by Lemma IB .201 

= 0; if follows that there exists / G H°(j^xuL 2UL^(^ + 2)) such that 

Aiif) = 1 G Since Aiif) = f’if) deduces that / must have the form: 

f = F2 + /0X2X3 + /1X3 + /2X1X2 . 

But 0 = / I L2 = a( 0 , xi)x3 + /i( 0 , xi, 0 , X3)x3 implies that a( 0 , xi) = 0 hence xq | a. 

Claim 2. If Xi \ b then Im'^3 = — 3 ) if and only if xq | a. 

Indeed, the “if” part is clear because if Xq | a then F2 | L2 = 0 hence X1F2 G J(XUL2UL2). 
For the “only if” part, assume that Im-^^ = — 3 ). Since, by Lemma IB .201 

~ follows that there exists / G H°(J^xuL2ul^(^ + 3 )) such that 

V^;(/) = iGH°(^ij. Since Aiif) = A'if) deduces that / must have the form: 

/ = X1F2 + foX 2 X 3 + /1X3 + /2X1X2 . 

But 0 = / I L2 = a(0,xi)xiX3 + /i( 0 , xi, 0 , X3)x| implies that a( 0 ,xi) = 0 hence xq | a. 

(a) One deduces, from Claim 1, the existence of an exact sequence: 

0 I{L[^^ U L2 U L'2) /(X U L2 U L'2) S{Li){-l - 2 )^ 0 . 

(b) Claim 1 implies that 'ipi factorizes as: 

-^auL 2UL^ ^Li(—^ — 3 ) — 2 ). _ 2) 

with iI)2{xqF2) = 1 G One deduces the existence of an exact sequence: 

0 I{L^^^ U L2 U L'2) /(X U L2 U L'2) 5 (Li)(-/ - 3 ) ^ 0 . 

(c) One deduces, from Claim 2, the existence of an exact sequence: 

0 IiL[^^ U L2 U L'2) /(X U L2 U L'2) S{LAi-l - 3 ) ^ 0 . 
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(d) Claim 2 implies that factorizes as: 

'^AUL 2 UL^ — ^ — 4) —^ — 3) 

with iI) 2 {xqXiF 2 ) = 1 G One deduces the existence of an exact sequence: 

0 ^ I{L^P U La U L' 2 ) ^ I{X U La U L'^) ^0 L(Li)(-/ - 4) ^ 0 . 

Notice that the exact sequences appearing in the above proof can be used to get 
concrete graded free resolution of J(X U La U L^). 


Proposition B.22. Let X he the double structure on the line Li considered at the begin¬ 
ning of Subsection \B. A 

(a) If xi \ b and xq \ a, i.e., if b = xibi and a = xoao then the graded S-module 
H*(^x:uL 2 ul') admits the following graded free resolution-. 


0 


25(-3) 35(-2) 5 

m „ 0i Oo ttO/ 


H*(i^XUL2UL^) 

S{1 - 4) 2S{1 - 3) S{1 - 2 ) 

with 5o = ( 1 , xqXiCi) and with 5i and 62 defined by the matrices: 

f-X2 0 0 \ 

0 -Xg 


0 


f XqXs X1X2 X2X3 0 0 

-61 -ao 0 X2 X3 


0 

Xq Xi 0 
-hi 0 -X3 

\ 0 -ao X 2 

(h) If Xi \ b and Xq \ a then the graded S-module H°(^xuL 2 UL^) admits the following 
graded free resolution: 


0 


2L(-3) . 3L(-2) L . 

m ^2, „ „ Oo, ttO/ 


H*(^XUL 2 UL^) 

S{l-3) 23(1-2) S(l-1) 

with 5o = ( 1 , xiei) and with (5i and 62 defined by the matrices: 

f -X2 0 0 \ 

0 -X 3 


0 


XqX3 X1X2 X2X3 0 0 
-Xobi —a 0 a:a X 3 


0 

Xq Xi 0 
-Xobi 0 -X3 

0 —a X 2 J 

(c) If Xi \ b and Xq \ a then the graded S-module H°(^xuL 2 UL') admits the following 


V 


graded free resolution: 
0 - 


2L(-3) . 3L(-2) L . 

m ^ 2 , „ „ (^ 0 , ttO 


S(l-3) 2 S(l- 2 ) S(l-l) 


H*(^xuL2uu) —t 0 


□ p 
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with 5 o = ( 1 , XqCi) and with and 62 defined by the matrices: 


(X0X3 X1X2 X2XS 0 0 
I -b -Xiao 0 X 2 X 3 


-X 2 

0 

0 \ 

0 

-3^3 

0 

Xo 

Xi 

0 

-b 

0 

-X 3 

0 

—Xiflo 

X 2 / 


(d) If Xi \ b and Xq \ a then the graded S-module H°(i^xuL2UL^) admits the following 
graded free resolution: 

2 S(- 3 ) 3 S(- 2 ) S 

0 —^ ^ © ^© — 

S {1 - 2 ) 2 S {1 - 1 ) S{ 1 ) 

with 5 o = ( 1 , ei) and with and 62 defined by the matrices: 

( 


H°(<^xuL2UL5, 


/ X0X3 X1X2 X2X3 0 0 
\—Xoh —Xia 0 X 2 X 3 


-X2 

0 

0 \ 

0 

- 2:3 

0 

Xo 

Xi 

0 

-Xob 

0 

-3^3 

0 

—XiO 

X2 / 


Proof. /(L1UL2UL2) = {x2, X3)n(a;i, a: 3 )n(a:o, X2) = {xqX^, X1X2, X2X3). L1UL2UL2 is 
directly linked by the complete intersection defined by a;oa;3 and X1X2 to the curve whose 
homogeneous ideal is (xq, xi), i.e., to the line L[. Using Ferrand’s result about liaison 
one gets a minimal graded free resolution: 


0 ^ 25 (- 3 ) 


(-X2 

0 \ 

0 

- 2^3 

V Xo 

Xi ) 


> 3 ^(- 2 ) —^ /(Li UL2 UL2) 


0 


If xi I 6 we use the exact sequence (defined at the beginning of this subsection): 

0 —)■ Im 0 '^ X { 0 } — ^xuL 2 UL '2 —t <^LiuL2 UL^ —t 0 

with (f)[ the composite morphism JI^LiuL 2 UL '.2 ^LiuL 2 ^Li{1 — !)• Recall, from the 
proof of Prop. IB.lll that (f'^Xs) = bi and (j)'{xiX 2 ) = a hence : 

(f'lixoXs) = Xobi, (j)'i{xiX 2 ) = a, (f)[{x2X3) = 0 . 

If xi f 6 we use the exact sequence : 

0 —> Im 0 i X { 0 } —> ^xuL 2 UL', —t ^T„[iro[irL —> 0 


^LiUL2UL^ 


with 01 the composite morphism d^LiuL2UL'2 J^LiuL2 ^Li( 0 - Recall, from the proof 
of Prop. IB.lll that ^(xs) = b and 0(xiX2) = XiO hence: 

(flixoXs) = Xob, 0i(xiX2) = Xia, 0l(x2X3) = 0 . 
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(a) In this case Im0'^ = — 2). Since Li U L 2 U L '2 is arithmetically CM, the 

graded S'-module LivjL 2 vjl'^ generated by 1 G ^LiyjL 2 VjL'^■ One deduces an 
exact sequence: 

0 S{Lr){l - 2) ^ H°(^xuL 2 ULi) ^ H 0 (^^,uL.uLi) ^ 0 

where the left morphism maps 1 G S{Li) to the element of I1 °(^xuL2ul' + 2)) whose 
image into + 2)) © Il°(^ 2 . 2 (“^ + 2)) © Il°(^ 2 .^(-/ + 2)) is (xoTiCi, 0 , 0). 

(b) In this case Im0'^ = 0’liQ- — !)• One deduces an exact sequence: 

0 S{L ,){1 - 1) ^ H°(^xuL 2 UL') ^ H0(^^,uL2UL') ^ 0 

where the left morphism maps 1 G S{Li) to the element of I1 °(^xuL2ul' 2(“^ + 1)) whose 
image into + 1)) © + 1)) ® + 1)) is (aiiCi, 0, 0). 

(c) In this case Im0i = a:o^Li(^ — !)• One deduces an exact sequence: 

0 S{Lr){l - 1 ) ^ H°(^xuL 2 UL' 2 ) ^ H 0 (^^,uL 2 UL' 2 ) 0 

where the left morphism maps 1 G S{Li) to the element of I1 °(^xuL2ul' + 1)) whose 
image into + 1)) © + 1)) ® + 1)) is (xoei, 0, 0). 

(d) In this case Im0i = One deduces an exact sequence: 

0 S{L^){ 1 ) HO(^xuL2Ul0 0 

where the left morphism maps 1 G *S'(Li) to the element of I 1 °(^xuL 2 ul' 2 (~ 0 ) whose 

image into H°(^x(-/)) ® H°(^i 2 (- 0 ) ® is (d, 0 , 0 ). □ 

Lemma B. 23 . The homogeneous ideal I(W) C S ofW = L^i'^ U L2 U L3 is generated by 
X2X3, X1X2, Xixl and admits the following graded free resolution: 

/—XiX2 —XiX3\ 

X3 0 

0 ^ 25(-4)- ^ ^(-2) © 25(-3) —^ I{W) —^ 0 . 

Proof. I(W) is, by definition: 

(xl, X2X3, xj) n (xi, 0 : 3 ) n (xi, X2) = (X2X3, xj, xixj) n {xi, X2) = {X2X3, xixl, xixj) . 

If W is the curve directly linked to W by the complete intersection defined by 0 : 2 X 3 and 
xi(x 2 + x|) then I{W') = (x 2 , X3) (because X2 ■ xix^ = X2 ■ xi^x^ + x|) — X1X3 • X2X3), i.e., 

W = Li. One can apply, now, Ferrand’s result about liaison. □ 

Proposition B. 24 . Let X he the double structure on the line Li considered at the begin¬ 
ning of Subsection \B. 1 [ Then /(X U L2 U L3) = SX1F2 + U L2 U L3). 

Proof. If Xi I 6 then one has an exact sequence (look at the beginning of this subsection): 
0 —^ -^lWuL2UL3 -^ ^XUL2UL3 ^ ^L,{-1 - 2) 
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Ip 

where 'ipi is the composite morphism J^xuL 2UL3 J^xuL 2 —t — 2). Since LiflLs = 

{Fo}, Coker'll is an ^{Po} -module hence — 3) C Im'^i C 

Claim. Irn'i/ji = xi^L^{—l — 3). 

Indeed, assume that \m.ipi = — 2). Since = 0 (by Lemma [6.231) 

it follows that there exists / G H°(J^xuL 2UL3(^ + 2)) such that V’i(/) = 1 G But 

'0i(/) = '*/’(/) hence, by the proof of Prop. IB.lOl / must have the form: 

f = F 2 + foX2X3 -f- fixl + f2Xixl. 

Since 0 = /1 L3 = a{xo, 0)0:3 -|- fi{xo, 0, 0, o:3)o:| it follows that a(xo, 0) = 0 hence Xi | a. 
But this contradicts the fact that a and b are coprime. 

It follows from the Claim that ipi factorizes as J^xuL 2 UL 3 

with -02 mapping X 1 F 2 G H°(J^xuL 2UL3(^ + 3)) to 1 G One deduces an exact 

sequence: 


0 ^ U L2 U L3) ^ I{X U La u L3) 0 5 (Li)(-/ - 3) ^ 0 . 

• \i Xi\h then one has an exact sequence: 

0 —^ '^lWuL 2 UL 3 —^ '/NUL 2 UL 3 ^ ^lA-1 - 3) 

-Ip' 

where ip[ is the composite morphism <yxuL 2 UL 3 —t -^xuL 2 —t ~ 3). Since 

X 1 F 2 I L 3 = 0 it follows that X 1 F 2 G /(X U La U L 3 ). But '^((oJiFa) = 'ijj'{xiF 2 ) = 1 G 
One deduces that ijj'i is an epimorphism and that, moreover, one has an exact 

sequence: 


0 U La U L3) ^ /(X U La U L3) 5 (Li)(-/ - 3) ^ 0 . 

Notice that one can use this exact sequence (and the similar one for the case Xi \ b) to 
get a concrete graded free resolution of /(X U La U L3). □ 

Proposition B.25. Let X be the double structure on the line Li considered at the be¬ 
ginning of Subsection W. l[ Then the graded S-module H°(^xuL 2 UL 3 ) admits the following 
graded free resolution : 

2L(-3) . 3L(-2) L . 

0^©^ © A©^ H°(^xuL2UL3) ^ 0 

S{l-3) 2S{l-2) S{1-1) 
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with 5o = ( 1 , XiCi) and with and 62 defined by the matrices-. 


(X 1 X 2 X 1 X 3 X 2 X 3 0 0 

Y —a —b 0 X 2 X 3 


(-X3 0 0 \ 

X 2 -X 2 0 

0 xi 0 

b —b —X3 

y -a 0 X2 J 


Proof. J(Li U L2 U L3) = (a;2, X3) fl (xi, X3) fl (xi, X2) = {xiX2, X2X3). One deduces 

a minimal graded free resolution: 


f-X3 0 \ 

X 2 -X 2 

V 0 Xi 2 

0 ^ 25(-3)-^ 3^(-2) —^ /(Li U L2 U L3) —^ 0 . 


• If xi I b, i.e., if 6 = xibi we use the exact sequence (defined at the beginning of this 
subsection) : 

0 ->■ Im0) X {0} - ^xuL2 UL3 -^ ^LiULaULs —> 0 

with (j)[ the composite morphism J^LiuL 2 UL 3 —t d^LiuL 2 — !)• Recall, from the 

proof of Prop. IB.Ill that (f'^xs) = bi and (j)'{xiX 2 ) = a hence : 

(f)[{xiX 2 ) = a, (f)[{xiX 3 ) = Xibi = b, 01 ( 2 ^ 2 ^ 3 ) = 0. 


It follows that (j)\ is an epimorphism. Moreover, since Li U L 2 0 L 3 is arithmetically CM 
the graded S'-module ^^^,{^ 11 ^ 12 ^X 3 ) is generated by 1 G LivjL 2 'jL 3 )■ One deduces an 

exact sequence: 

0 ^ 5(Li)(/ - 1) ^ H°(^xul,uL3) ^ H2(^l,uL3UL3) ^ 0 

where the left morphism maps 1 G S{Li) to the element of H°(^xuL 2 UL 3 (“^ + 1 )) whose 
image into PP{&x{—l + 1 )) © ^^{^L 2{—1 + 1 )) © H°(^l 3 (—/ + 1 )) is (xiCi, 0 , 0 ). 

• If xi f 6 we use the exact sequence : 


0 —> Im0i X {0} —> ^xuL 2UL3 —t ^LiuL2UL3 —^ 0 

with 01 the composite morphism d^LiuL 2 UL 3 ' 1 ^LiuL 2 ^Li( 0- Recall, from the proof 
of Prop. IB.Ill that 0(x3) = b and 0(xiX2) = xia hence: 

0l(XiX2) = Xia, 0i(XiX3) = Xib, 0l(x2X3) = 0 . 


One deduces that Im0i = x^ffL^if — 1) and that one has an exact sequence: 

0 5(Li)(/ - 1) ^ H°(^xuL 2UL3) ^ H°(^i,uL2UL3) ^ 0 

where the left morphism maps 1 G S{Li) to the element of H°(^xuL 2 UL 3 (“^ + 1)) whose 
image into H°((^x(— ^ + 1)) © H°(^L2(“^ + 1)) © + 1)) is (a^iCi, 0, 0). □ 
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Lemma B.26. The homogeneous ideal I{W) <Z S of W = U L 2 U L[ is generated by 
XQX 2 X 3 , XqxI, xixl, X 1 X 2 X 3 , xixl and admits the following graded free resolution: 


0 —^ 

S{-5) 

d2^ 

55(-4) 


55(-3) ^I{W) 

where di and ^2 o,re defined by the 

matrices : 




f-X3 

0 

0 

-Xl 

0 \ 




X2 

0 

0 

0 

-Xl 


0 


0 

-3^3 

0 

0 

0 

5 

Xo 


0 

X2 

-3^3 

Xo 

0 


X 3 


1 0 

0 

X2 

0 

Xo / 


\-x2J 


Proof. By definition: 

i{W) = {xl, X 2 X 3 , xl) n {xi, X 3 ) n (xo, xi) = 

(X2X3, xl Xixl) n (xo, Xl) = (X0X2X3, XqxI Xixl X1X2X3, Xixj) . 


Since I{Li U L[) = {xoX 2 , X 0 X 3 , X 1 X 2 , X 1 X 3 ), it follows that: 

I{W) = Sxixl + I{Li U L[)x 3 . 

Moreover, by Lemma [B. 11 I{Li U L[) admits a graded free resolution of the form: 

0 ^ ^(-4) ^ 4^(-3) ^ 4^(-2) ^ I{Li U L[) 0. 

One can apply, now. Remark IB.4I Actually, by the main property of the basic double 
linkage, Li U L[ can be obtained from W by two direct linkages. Concretely, these two 
linkages are the following ones: if W is the curve directly linked to W by the complete 
intersection defined by xqx\ and xix\ then, by Remark [B.3f b). 

I{W') = (X 3 , X 1 X 2 ) n (X 2 , X 0 X 3 ) n (Xo, xl = (X 0 X 3 , X 0 X 1 X 2 , Xixl X 2 X 3 ) . 

If W is the curve directly linked to W by the complete intersection defined by X 3 X 3 and 
X1X2 then, by the same remark, I{W'') = (x2, X3) O (xq, xi) hence W = Li U L'^. □ 


Proposition B. 27 . Let X he the double structure on the line Li considered at the begin¬ 
ning of Subsection \B. 1 [ 

(a) If I = —1 and 6 = 0 then I{X UL2ULI = (xqXs, X1X3, xixl). 

(b) // / > 0 and Xl I 6 then I{X U L 2 U L[) = SF2 + 1 U L 2 U L[) . 

(c) Ifxi\b then I{X U L2 U L[) = SX1F2 + U L2 U L[). 

Proof, (a) In this case F2 = X3 hence I{X) = (X3, xl) hence /(X U L2 0 L[) = (X3, xl) O 

(xi, X3) n (xo, Xl) = (X0X3, X1X3, Xixl). 

(b) We use the exact sequence: 


•AmuLjui; —*■ 


;-i - 2) 
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defined at the beginning of this subsection. Since Li fl = 0 it follows that tfji is an 
epimorphism. Moreover, since Z > 0 it follows that F 2 | = 0 hence F 2 G I{X UL 2 UL'^). 

Since = '0(-^2) = 1 G one deduces an exact sequence: 


0 ^ u L 2 u l;) ^ i{x u L 2 u l;) 

(c) We use the exact sequence: 




0 


defined at the beginning of this subsection. Since Li fl = 0 it follows that V’l is cin 
epimorphism. Moreover, since X 1 F 2 | = 0 it follows that X 1 F 2 G I{X U L 2 U L'^). Since 

il)[{xiF 2 ) = Ip'{‘^ 1 ^ 2 ) = 1 G one deduces an exact sequence: 




> 5(Li)(-/-2) ^0 




0 


U L 2 U L'l) ^ I{X U L 2 U L\) 




>^(Li)(-Z-3) ^0. 


Notice that the exact sequences deduced in the above proof can be used to get a concrete 
graded free resolution of /(X U L 2 U L'^). □ 


Proposition B. 28 . Let X he the double structure on the line Li considered at the begin¬ 
ning of Subsection \B.l[ 

(a) If Xi I b, i.e., if b = Xibi then the graded S-module H°((^xuL 2 ul'j) admits the 
following free resolution : 


2^(-3) . 3^(-2) c ^ . 

0^ © ^ © ^ © ^H°(^xuL2ULi)^0 

^(/-3) 2S{l-2) S{l-l) 

with (5o = (1, XiCi) and (5i, 62 defined by the matrices: 


X 0 X 3 

-xobi 


X 1 X 2 

—a 


X 1 X 3 

-b 


0 

X2 


0 

X 3 


(—Xi 

0 

0 \ 

0 

-X3 

0 

Xq 

X 2 

0 

0 

b 

-X3 

V 0 

—a 

X 2 / 


(b) Ifxi \ b then the graded S-module H°(^xuL 2 ULi) admits the following free resolution: 


25(-3) . 3^(-2) e ^ e 

0 -^ © ^ © ^ © ^ K{^xul.ul0 ^ 0 

3(1-2) 23(1-1) 3(1) 


with ^0 = (1, ei) and 5i, 62 defined by the matrices: 


f X0X3 X1X2 X1X3 0 0 
y—Xob —Xia —Xib X2 X3 


(—Xl 

0 

0 \ 

0 

-X3 

0 

Xq 

X 2 

0 

0 

Xib 

-X3 

V 0 

—Xia 

X 2 / 
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Proof. The homogeneous ideal of Li U L 2 U L[ is : 


{x 2 , X 3 ) n {xi, X 3 ) n (xo, xi) = {X 0 X 3 , X 1 X 2 , X 1 X 3 ) . 

One deduces that Li U L 2 U L[ is directly linked by the complete intersection dehned by 
X 0 X 3 and X 1 X 2 to the line L 2 of equations xo = X 2 = 0. Using Ferrand’s result about 
liaison, one gets the following graded free resolution of I{Li U L 2 U L[): 

f-xi 0 \ 

0 -xs 
V Xn X 2 ) 

0 2^(-3) -^ 3^(-2) —^ /(Li U L 2 U L\) 0 . 

It results that LiUL 2 UL'^ is arithmetically CM, hence the graded S'-module 
is generated by 1 G H°(^iiuL 2 UL;)- 

(a) We use the exact sequence (look at the beginning of this subsection): 

0 —)■ Im0) X {0} —)■ ^xuL 2 Ul; —t ^LiuL 2 UL' —t 0 

with 0'^ the composite morphism d^LiuL 2 ULi J^LiuL 2 ^Li(^ — !)• Since Li = 0, 
(f'l is an epimorphism. One deduces an exact sequence: 

0 ^ S{L,){1 - 1) ^ H0(^xul2ul;) ^ H0(^i,uL2UL;) ^ 0 

where the left morphism maps 1 G S'(Li) to the element of H°(^xuL 2 ul' + 1 )) whose 
image into + 1 )) ® + 1 )) ® (-/ + 1 )) is (xiCi, 0 , 0 ). 

(b) We use the exact sequence : 

0 —)■ Im0i X {0} —)■ ^xul 2 ul; —t ^liul 2 ul; —t 0 

with 01 the composite morphism J^LiUL 2 ULi Since Li O L'l = 0, 0i 

is an epimorphism. One deduces an exact sequence: 

0 ^ ^(Li)(/) ^ H 0 (^xuL 2 ULi) ^ 0 

where the left morphism maps 1 G *S'(Li) to the element of H°(^xuL 2 Ul;(~ 0 ) whose 
image into H°(^x(-/)) ® (-/)) is (d, 0 , 0 ). □ 

Lemma B.29. Let L be the line of equations i = x^ = 0, where i = Xi + 0 x 2 , c 7 ^ 0. 
Then the homogeneous ideal I{W) C S of W = {JL{JL[ is generated by X 0 X 2 X 3 , x^x^, 
XiX 2 X^, xixl, xoixl, Xiix 2 and admits the following graded free resolution: 

0 ^ ^(-5) © ^(- 6 ) ^ 4^(-4) © 3^(-5) ^ 4^(-3) © 2^(-4) ^ I{W) 0 
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with di and d 2 defined by the matrices: 


/-Xi 

0 

-X3 

0 

0 

-1X2 


0 

-Xi 

X2 

0 

0 

0 

0 

Xo 

0 

0 

-2:3 

0 

0 

-tX2 

0 

Xo 

0 

X2 

0 

0 

0 

0 

0 

0 

0 

-Xi 

3^3 

0 

V 0 

0 

0 

0 

Xo 

0 

X3 / 


/-X2, -(■X2\ 

X 2 0 

Xi 0 

-Xq 0 

0 X3 

0 xi 

\ 0 -Xo / 


Proof. According to Lemma IB.91 U L is arithmetically CM. It follows, now, from 
Lemma [B.ll that liW) = U L)I{L[) and that the tensor product of the minimal 

graded free resolutions of U L) and of is a minimal graded free resolution of 

I{W). □ 


Proposition B.30. Let X he the double structure on the line Li considered at the be¬ 
ginning of Subsection IB.il and let L C 6 e the line of eguations £ = X 3 = 0, where 
I = Xi + CX 2 , c 7 ^ 0 . 

(a) If Xi \ b and I = —1 then J(X U L U L[) = (xq, Xi)(x 3 , ix^). 

(b) If Xi \ b and I = 0 then I(X U LU L[) = (xq, Xi){—ix 2 + 0 x 3 , X 2 X 3 , x|). 

(c) If xi I b, i.e., ifb = xibi, and I > 1 then I{X DLL) L[) = S{F 2 — c 6 ix|) + I{L^i^ U 

LULf). 

(d) If Xi\ b and I = —1 then I{X U LU L[) = (xq, Xi){iF 2 , X 2 X 3 , x|). 

(e) lfxi^bandl>0 then /(X U L U L[) = SiF 2 + U L U L[). 

Proof, (a) If I = —1 the condition xi | b means that 6 = 0, hence F 2 = X3, hence 
/(X) = (x 3 , X 2 ). One deduces that /(X U L) = (X 3 , ix^) and one can apply, now. 
Lemma IB. II 

(b) If / = 0 and xi | b then one can assume that 6 = xi, hence F 2 = —X 1 X 2 + 0 x 3 . It 
follows, from Prop. IB.101 that: 

/(X U L) = (—X 1 X 2 + 0 x 3 — CX 2 , X 2 X 3 , X 3 , ixl) = {—ix2 + 0 x 3 , X 2 X 3 , X 3 ). 

One deduces that X U L is directly linked by the complete intersection dehned by —ix 2 + 
0 x 3 and X 3 to the line L, hence it is arithmetically CM. One can apply, now. Lemma [B.ll 

(c) We use the exact sequence: 

0 —t ^ ^xuLuL[ ^ ^lA-1 - 2) 

dehned at the beginning of this subsection. = 0 implies that is an epimorphism. 

Since I > 1, the element F 2 — 061 X 2 of /(X U L) belongs to /(X U L U L'fi) and this implies 
that the sequence: 

0 ^ U L U L\) ^ J(X U L U L'fi) S{Li){-l - 2) ^ 0 


is exact. 
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(d) If / = — 1 the condition xi f 6 is eqnivalent to 6 7^ 0 . One can assnme that 
b = — 1 , hence F2 = X2 + ax^, hence I{X) = [x2 + 0x3, Xg). It follows that I{X U L) = 
((xi +cx2)(x2 + ax3), X2X3, X3). One dednces that XUL is directly linked by the complete 
intersection dehned by (xi + 0x2)(x2 + 0x3) and Xg to L, hence it is arithmetically CM. 
One can apply, now, Lemma [B.ll 

(e) If xi f 6 one gets, as in the proof of (c), an exact sequence : 


0 




L^^'uLUL' 




aulul; 


A 




0 


Since I > 0 , the generator £F2 of I{XU L) (see Prop. IB. 101 ) belongs to /(X U L U L'^) and 
this implies that the sequence : 


U L U L'l) — >I{XVJLU L\) 


Km 




is exact. 

Notice that using the exact sequences from the above proof one can get a concrete 
graded free resolution of /(X U L U L[). □ 


The next lemma follows immediately from Lemma IB. II 


Lemma B. 31 . Let L' C he the line of equations io = Xi = 0 , where £q = Xq + 0x2, 
c 7^ 0 . Then the homogeneous ideal I{W) C S of W = U L[ U L' is generated by 
X1X2, X1X2X3, xix|, xof'oa;2, xoioX2X3, xoiox^ and admits the following minimal graded free 
resolution : 


d. 


di 


dn 


0 ^ 2 ^(- 6 ) 2 ^(- 4 ) © 5 ^(- 5 ) 3 ^(- 3 ) © 3 ^(- 4 ) ^ I{W) 


with di and d2 defined by the matrices : 


/-X3 

0 

0 

0 

-Xo 4 

0 


X2 


0 

0 

0 

-Xo 4 

0 

0 

X2 

0 

0 

0 

0 

-Xo 4 

0 

0 


0 

Xi 

0 

0 

0 

0 

X2 

-X3 

0 

Xi 

0 

\ 0 

0 

0 

X2 

0 

0 

Xi / 


0 

0 

0 

0 

Xo 4 

-Xi 

0 

0 

-Xi 

- 3^3 

0 

X2 

-X3 

\ 0 

X2 


Proposition B. 32 . Let X he the double structure on the line Li considered at the be¬ 
ginning of Subsection IB.il and let L' C P^ he the line of equations £0 = xi = 0 , where 
£0 = Xo + CX2, c 7^ 0 . 

(a) /// = -1 then J(X U L[ U L') = I{X)I{L[ U L'). 

(b) If 1 = 0 then /(X U L[ U L') = S£oF2 + SX1F2 + U L[ U L'). 

(c) If I > f then, writting F2 = XgF^ + xiFtf, one has 


J(X U L; U L') = S{F2 + CX0X2F2') + U L[ U L') . 
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Proof. Tensorizing by the exact sequence: 

0 J^Ai) ^lA-1 - 2 ) 0 

one gets an exact sequence: 

0 -^ ^ ^XUL[UL' “2) -^ 0 . 

It follows from Lemma [B. 31 I that = 0 for i > 3 hence H°(' 0 (i)) is 

surjective for i > 3 . 

Recall, also, from Prop. IB .81 that if / > 0 then /(XU L[) = SF2 + (a:o, Xi){x2, 

(a) In this case, by Lemma [B .71 X is the divisor 2 Li on the plane // C of equation 
F2 = 0 and the result follows from Lemma rB.il By the same lemma, one can get a graded 
free resolution of /(X U L[ U L'). 

(b) In this case = 0 . Indeed, F2 = —bx2 + axs (with a, b E k[xQ,Xi]i) 

does not vanish identically on the plane {xi = 0 } because a and b are coprime. On the 
other hand, F2 vanishes on L[ C {xi = 0 } and in Pq ^ = 0 } \ hence it cannot 

vanish on L'. 

One deduces, now, an exact sequence: 

0 /(l!^^ U L[ U P) /(X U L[ U P) ,S(Li)+(- 2 ) ^ 0 . 

It remains to notice that /0P2 and X1F2 belong to II°(e/xuLjuL'( 3 )) and that they are 
mapped by -0 to xq G II°(P2,j(l)) and xi G II°(Pl^( 1 )), respectively. Notice, also, that 
using the above exact sequence and the resolution of S'(Li)_|_ that can be found in the 
discussion following Prop. IA .121 one can get a graded free resolution of /(X U L'^ U L'). 

(c) In this case one has an exact sequence: 

0 ^ J(lS^^ U L\ U P) ^ J(X U L\ U P) S{L ^){-1 - 2 ) ^ 0 . 

It remains to notice that, by Prop. IB .81 P2 + CXQX2F2 = XqIqF!^ + XiFJf belongs to 
H°(<yxuLjuL'(^ + 2 )) and that it is mapped by V’ to 1 G Notice, also, that 

using the above exact sequence one can get a graded free resolution of /(X ULj UL'). □ 

Lemma B. 33 . Let L” C P^ he the line of equations Iq = l\ = 0 , where Iq = xq — X2 
and = x\ — xz- Li, L[ and L” are mutually disjoint and are contained in the quadric 
Q C P^ of equation X0X3 — X1X2 = 0 . Then the homogeneous ideal I(V) ofY = LiUP^UP/ 
is generated by xqx^ — X1X2, xoioX2, xqIqXs, xi£iX 2 and xiiix^ and admits the following 
graded free resolution : 

0 2 ^(- 5 ) ^ 65 (- 4 ) ^ 5 (- 2 ) © 4 ^(- 3 ) ^ I{Y) 0 
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where di and d2 are defined by the matrices: 


/- 

0 

0 

1 

XqXi 

-xi£i 

0 

4 x 3 + a;ia ;2 

0 \ 


-Xl 

0 

0 

-3^3 

0 

0 


Xo 

-Xl 

0 

X 2 

-X3 

0 


0 

Xo 

-Xl 

0 

X 2 

-3^3 

V 

0 

0 

Xo 

0 

0 

X2 / 


(-X3 

0 

X2 

-X3 

0 

X2 

Xl 

0 

-Xo 

Xl 


V 0 -xqJ 


Proof. Tensorizing by the exact sequence: 


2 ) 


> 2 ^p(-l) 


(^0 , 


'L'l 


one gets an exact sequence : 


0 —t «-^liul;(“2) —> —t 0. 

Since = 0 for i > 1 it follows that I{Y) coincides with I{Li U L[)I{L'() 

in degrees > 3 . On the other hand, it is well known that I{Y)2 = — X1X2). 

Consequenly: 


I(Y) = S{xoX3 - X1X2) + {xoX2, X0X3, X1X2, XiX3){£o, ii) . 


Noticing that q := X0X3 — X1X2 = £0X3 — £1X2 one gets: 


£0X1X2 = Xo£oX 3 - £oq , 43^1X3 = Xi£iX 2 + Xiq , 

Xo£iX2 = Xo£oX 3 - Xoq , Xo£iX 3 = Xi£iX2 + £iq . 


It follows that I{Y) is (minimally) generated by the elements from the statement. 

Let, now, X' be the divisor 2 L'^ on Q. Using the Segre isomorphism x P^ —^ Q one 
gets exact sequences: 


0 ^p(-2) ^q(-3, 0) ^ 0, 

0 —> ^p(—2) J^Liux' —^ 0) —t 0 . 

One deduces that I{Y) and I{LiUX') admit graded free resolutions of the same numerical 
shape. Using Prop. IB . 81 the last exact sequence from its proof, and Remark I A. 91 it follows 
that I{LiUX') is generated by xqXs— a;ia;2, xlx2, xlx3, x\x2, x\x3 and admits the following 
graded free resolution: 

0 ^ 2R(-5) ^ 6^(-4) ^ S{-2) © 4R(-3) ^ J(Li U X') 0 
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where d[ and are defined by the matrices: 


/- 

Xq 

XoXl 

Xl 

0 

X0X3 + X1X2 

0 \ 


-xi 

0 

0 

-X3 

0 

0 


Xo 

-Xl 

0 

X2 

-X3 

0 


0 

Xo 

-Xl 

0 

X2 

- 2^3 

V 

0 

0 

Xo 

0 

0 

X2 / 


(-X3 

0 

X2 

- 3^3 

0 

X2 

Xl 

0 

-Xo 

Xl 


V 0 -XqJ 


One can easily guess, now, a similar graded free resolution of I{Y), which is the one from 
the statement. □ 


Lemma B. 34 . Using the notation from the statement of Lemma \B. 33 \. the homogeneous 
ideal I{W) C S ofW = U L[ U L" is generated by. 

X2{XoXs - X1X2) , XsixoXs - X1X2) , Xoioxj , XoioX2X3 , Xoioxl , XiiiX2X3 , Xiiixl 
and admits the following graded free resolution : 



0 — 

^ 3 ^( 

- 6 ) ^ S{- 

4 )© 8 R(- 5 ) - 

^2S{ 

- 3 )© 55 (- 4 ) — 

4 I(W) 

0 

where di and d2 

are defined by the 

matrices 





0 

0 

0 


/-X3 

0 

0 

0 

0 

-Xo 4 

0 

0 

0 \ 


Xl 0 

0 

X2 

0 

0 

40:3 + 0:1X2 

0 

0 

-Xo 4 

XoXi 

-xi 4 


-Xo Xl 

0 

0 

-X3 

0 

0 

0 

-Xl 

0 

0 

0 


0 -Xo 

Xl 

0 

X2 

- 3^3 

0 

0 

Xo 

-Xl 

0 

0 


0 0 

-Xo 

0 

0 

X2 

-X3 

0 

0 

Xo 

-Xl 

0 


-X3 0 

0 

0 

0 

0 

X2 

-a ^3 

0 

0 

Xo 

-Xl 


X2 -X3 

0 

V 0 

0 

0 

0 

X2 

0 

0 

0 

Xo / 


0 0 

-X3 

X2 / 

Proof. 

Tensorizing by 

the exact sequence: 







0 —^ ^p(-2) - 

one gets an exact sequence : 


0 —> 


-X3 

X2 


> 2 A,(- 1 ) 


( t 2 , X 3 ) 




-X3 

X2 




{X2 , X3) 




w 


Since (J^Ly£/y (i)) = 0 for i > 1 and since H°(c/vu(2)) = 0 it follows that: 

I(W) = /(Li)/(Li U L{ U L"). 

Recall that X0X3 — X1X2 = ^0X3 — ^1X2- Using the relation: 

Xi£iX 2 = Xoioxl - Xi ■ X 2 {ioX 3 “ £1X2) - 4 ' X3{xoX3 - X1X2) 
















92 


ANGHEL, COANDA AND MANOLACHE 


one derives that liW) is (minimally) generated by the elements from the statement. 
On the other hand, one deduces an exact sequence: 


o-^/(l;ul;')(-2) 


-X 2 . 

X2 


»2J(Li u L[ u liW) 


0 . 


By Lemma [RTI I{L[ UL'/) is generated by xoio, xoii, xiio, xiii and admits the following 
graded free resolution: 


0 ^ ^(-4) ^ 4^(-3) 
with d[ and defined by the matrices: 


d[ 


4^(-2) ^ I{L\ U L") 0 


o 

1 

o 

1 


/-4\ 

o 

o 

1 

o 


4 

1 

o 

o 

o 


Xl 

o 

O 

o 

O 


\-xo) 


V 

Using the resolution of I{Li U L[ U L") from Lemma [B. 33 1 the morphism; 


> 2J(Li UL; UL")(-1) 


-3^3 
\ Xo 

I{L[UL';){-2) 

induces, in an obvious manner, a morphism between the resolutions of its source and of its 
target. The mapping cone of this morphism between resolutions is a resolution of I{W). 
This resolution is not minimal, but using Remark IA.9I one can get from it the minimal 
free resolution from the statement. □ 

Lemma B.35. The graded S-submodule S'(Li )>2 := 0j>2>S'(Li)j of S{Li) := 
admits the following minimal graded free resolution : 


d?, 


do 


di 


dn 


0 ^ 2^(-5) 7^(-4) 4^4 8^(-3) 4^ 3^(-2) 4^4 ^(Li)>2 ^ 0 

with do, di, d 2 , do, defined by the matrices: 

-Xi 0 X2 Xo Q 


{.xl, 

XoXi , 

xl) , 

Xo 

-Xl 

0 

0 X2 




\ 0 

Xo 

0 

0 0 

( X2 

Xz 

0 

0 

0 

0 

° \ 

0 

0 

X2 

Xs 

0 

0 

0 

Xl 

0 

0 

0 

-X3 

0 

0 

0 

Xl 

0 

0 

X2 

0 

0 

-Xo 

0 

Xl 

0 

0 

-2^3 

0 

0 

-Xo 

0 

Xl 

0 

X2 

0 

0 

0 

-Xo 

0 

0 

0 

-2^3 

V 0 

0 

0 

-Xo 

0 

0 

X2 / 


0 

0 

0 \ 

xs 0 

0 , 

0 

X2 

xoj 


(-X3 

° \ 


X2 

0 


0 

- 3^3 


0 

X2 


-Xl 

0 


Xo 

-Xl 


\ 0 

Xo / 
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Proof. Using the exact sequence : 

/-xi 0 \ 
Xo -xi 
VO Xo J 


0 ^ 25(Li)(-3) 
one sees that the tensor product of the complexes : 
(-xi 0 \ 

Xo -Xi 

VO Xo J 


, , , , (Xn , XqXi , X?) 

> 35(Li)(-2) ^ 5(Li)>2 ^ 0 . 


2^(-3) 


-3^3 


, X2 j {xo , a:-!) 

> 3^(-2), 5(-2) ^-4 2^(-l) ^ ’ U ^ 


is a minimal graded free resolution of S'(Li )>2 over S. 


□ 


Proposition B.36. Let X he the double structure on the line Li considered at the be¬ 
ginning of Subsection \B.1[ Let L" C he the line of eguations Eq = = 0, where 

Eo = Xo — X 2 and = xi — xo- Li, L[ and L" are mutually disjoint and are contained in 
the guadric Q of eguation XoX^ — XiX 2 = 0. 

(a) /// = —! then: 

I{X U L[ U L") = SxoioF2 + SxiioF2 + SxiiiF2 + I{l[^^ U L[ U L") . 

(b) If I = 0 and {F 2 = 0} ^ Q then: 

I{X U L[ U L") = SioF2 + SiiF2 + U L[ U L") . 

(c) If I = 0 and {F 2 = 0} = Q or if I > 1 then, writting F 2 = XoF^ + XiFtf, one has: 

I{X U L\ U L'[) = S{F2 - X 2 F!, - xoF”) + U L\ U L'[) . 


Proof. Tensorizing by the exact sequence: 

0 ^ - 2 ) ^ 0 , 
with T] mapping F 2 to 1 G ^-nd x^^ X 2 X 0 , Xg to 0, one gets an exact sequence: 


0 




(1) 


UL[UL'{ 


Since, by Lemma IB.341 

surjective for i > 3. On the other hand: 


S^XUL[UL'{ —^ ^Li{ — 1 — 2 ) -)■ 0 . 

(z)) = 0 for i > 3 it follows that H°('^(z)) is 


H°(^XULjUL'/(2)) ^ H°(=yLjuLjUL'/(2)) — k{xoXo — X 1 X 2 ) ■ 

(a) In this case, by Lemma [B.71 X is the divisor 2Li in the plane H of equation F 2 = 0. 
Since if fl Q is the union of Li and of a different line intersecting it, it follows that X is 
not contained in Q hence H°(=/xuLjuL'/(2)) = 0. One deduces an exact sequence: 
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Since XqIqF2i XiIqF2, XiiiF2 belong to J(X U U L”)^, and are mapped by -0 to the 
elements Xg, XqXi, x\ of S'(Li) 2 , one gets the assertion from the statement. 

Notice that by nsing the last exact seqnence and Lemma [B.dbl one can get a non-minimal 
graded free resolution of /(X U L'^ U L'{). This resolution has, actually, excessive length 3 
but using Remark IA.9I one can get from it a minimal free resolution (of length 2). 

(b) Since, by Prop. IB. 81 /(XU L[) = SF 2 + (xq, xi)(x 2 , xs)^, our hypothesis implies 
that one has H°(c^xul;ul7(2)) = 0. One deduces an exact sequence: 

0 ^ U L; U L'[) /(X U L; U L") R(Li)+(-2) ^ 0 . 

It remains to notice that /o -^2 and / 1 F 2 belong to H°(j^xul'ul"( 3)) and that '0(/jF2) = 
ry(/,F2)=x, eH°(^i,(l)),z = 0, 1. 

Notice, also, that using the last exact sequence and the resolution of S{Li)^ from 
the discussion following Prop. IA.12I one can get a non-minimal graded free resolution of 
/(XUL'^UL") of length 3. Using Remark lA . 9 1 one can get from it a minimal free resolution 
(of length 2). 

(c) In this case one gets an exact sequence: 

0 J(lS^^ U L[ U L'I) /(X U L[ U L'l) S{Li){-l - 2) ^ 0 

and it suffices to notice that F 2 —X 2 F 2 —XSF 2 = ioF^+iiF^ belongs to H‘^(^xul[ul'j' (/+2)) 
and that ' 0(-^2 - X 2 F 2 - X 3 F 2 ) = t]{F 2 - X 2 F 2 - X 3 F 2 ") = 1 e H°(^lJ. Notice, also, that 
using the last exact sequence one can get a graded free resolution of /(X U L[ U L"). □ 

B.4. A double line union a conic. Let X be the double structure on the line Li 
considered at the beginning of Subsection IB. II and let C be a (nonsingular) conic in P^. 
One has to consider the following four possibilities: 

0) Li n O = 0 ; 

(ii) Li n O 7 ^ 0 and Li is not contained in the plane of C ; 

(hi) Li tangent to C ; 

(iv) Li n O consists of two points. 

We recall the following elementary: 

Lemma B.37. Let Qo, Qi, Q2 be the coordinate points (1:0:0), (0:1:0), (0:0:1) 
o/P^. Consider a {nonsingular) conic C C P^, containing Qq and Qi and such that 
= Q0Q2 = {xi = 0 } and TqjC' = Q1Q2 = {xq = 0 }. Then the eguation of C is of 
the form CqXqXi - 1 - C1X2 = 0 with Cq, Ci G A: \ {0}. □ 

In case (i) one can assume, up to a linear change of coordinates in P^, that C is contained 
in the plane {xi = 0 } spanned by Pq, P 2 , P3, that P2, P3 E C and that Tp^C = P0P2 = L 2 , 
TpgC = P0P3 = L 3 . Lemma [R33 implies that C is dehned by equations of the form 
Xi = Xg -f CX2X3 = 0 with c E k \ { 0 }. 

In case (ii) one can assume, up to a linear change of coordinates in P^, that C is 
contained in the plane {xi = 0} spanned by Pq, P2, P3, that Pq, P3 E C and that TpoC — 
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P 0 P 2 = L 2 , TpgC = P 2 -P 3 = L']^. Lemma [B.37I implies that C is defined by equations of 
the form xi = + cx\ = 0 with c & k \ {0}. Notice that if one takes c = 0 then C 

becomes L 2 U L[. 

In case (iii) one can assume, up to a linear change of coordinates in P^, that C is 
contained in the plane {xs = 0} spanned by Pq, Pi, P 2 , that Pq, P 2 E C and that TpoC — 
PqPi = Li, TpjC = P 1 P 2 = Lg. Lemma [6.371 implies that C is defined by equations of 
the form x^ = x\-\- 0x^X2 = 0 with c E k \ {0}. 

In case (iv) one can assume, up to a linear change of coordinates in P^, that C is 
contained in the plane {X 3 = 0} spanned by Pq, Pi, P 2 , that Pq, Pi E C and that TpqC — 
P 0 P 2 = L 2 , TpjC = P 1 P 2 = Lg. Lemma [6.371 implies that C is defined by equations of 
the form X 3 = XqXi + CX 2 = 0 with c E k \ {0}. 

The following lemma follows immediately from Lemma IB.ll 


Lemma B.38. Let C <Z be the conic of equations xi = Xq + 0 x 2 X 3 = 0, c E k \ {0}. 
Put qi := Xg + CX 2 X 3 . Then I{L^i^ U C) is generated by xix^, X 1 X 2 X 3 , XiXg, x^qi, X 2 X 2 ,qi, 
x\qi and admits the following minimal graded free resolution : 


2^(-6) ^ 25(-4) © 5^(-5) i 35(-3) © 3^(-4) ^ 


I{L^i^ U C) ^ 0 


with di and ^2 defined by the matrices : 

/—X3 0 0 0 —qi 0 0 \ 

X2 —X3 0 0 0 —qi 0 

0 X 2 0 0 0 0 —qi 

0 0 —X 3 0 xi 0 0 

0 0 X 2 —X 3 0 xi 0 

\0 0 0 X 2 0 Oxi/ 


/ qi 

0 \ 

0 

qi 

-Xi 

0 

0 

-Xi 

-X3 

0 

X2 

-X3 

\ 0 

X2 / 


Proposition B.39. Let X be the double structure on the line Li considered at the begin¬ 
ning of Subsection \B.1\ and let C be the conic from Lemma \B.38i . 

(a) Ifl = -l then I{X U C) = I{X)I{C). 

(b) lfl = 0 then, writting F 2 = X 0 P 2 + one has I{X U C) = + x^xiFtf) + 

5X1^2 + /(4'^UC'). 

(c) If I P ^ then, writting F 2 = XgP^ + ^iFtf, one has I{X U C) = S{qiF 2 + XiFlf) + 
/(L^UC'). 

Proof. Tensorizing by J^c the exact sequence: 

0 JL w - 2) 0 

one gets an exact sequence : 

0 —t ^xvjC ^Li{—1 — 2) —)■ 0 . 
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It follows from Lemma iB. 38 1 that = 0 for i > 3 hence H°('^(z)) is surjective 

for i > 3. 

(a) In this case, by Lemma [B.71 X is the divisor 2Li on the plane 77 C of equation 
F 2 = 0 and the result follows from Lemma rB.il By the same lemma, one can get a graded 
free resolution of I{X U C). 

(b) In this case Il°(d^xuc(2)) = 0. Indeed, assume that there exists a non-zero / G 

H°(c/xuc(2)). Since = 0, / cannot vanish identically on the plane {xi = 0}. 

On the other hand, / vanishes in Pq G {xi = 0} \ O hence it cannot vanish on C which 
is a contradiction. 

One deduces, now, an exact sequence: 

0 /(4^^ U O) I{X U C) 0 ^(Li)+(-2) 0 . 

It remains to notice that qiF^+xoXiF^' = X 0 F 2 + CX 2 X 3 F 2 and X 1 F 2 belong to H°(c/xuc(3)) 
and that they are mapped by -0 to xq G and xi G Il°(^i^(l)), respectively. 

Notice, also, that using the above exact sequence and the resolution of S{Li)+ that can 
be found in the discussion following Prop. IA.121 one can get a graded free resolution of 

i{xuc). 

(c) In this case one has an exact sequence: 

0 ^ UC)^ I{X U C) ^(Li)(-/ - 2) ^ 0 . 

It remains to notice that qiF^ -|- X 1 F 2 = F 2 + CX 2 X 3 F 2 belongs to + 2)) and 

that it is mapped by 0 to 1 G Il°(^iJ. Notice, also, that using the above exact sequence 
one can get a graded free resolution oi I {XU C). □ 

Lemma B.40. Let C <z¥'^ he the conic of equations Xi = XqX^ + cx^ = 0, c G 7 \ {0}. 
Put q 2 := XqXs + cxI- Then UC) is generated by X 2 q 2 , x^q 2 , xix\, XiX 2 X^, XiX^ and 

admits the following minimal graded free resolution : 

0 ^(-5) ^ 5^(-4) ^ 5^(-3) ^ I{L^^'^ U C) ^ 0 

where di and d 2 are defined by the matrices : 


^—X3 0 0 —xi 0 ^ 


'^-Xl^ 

X2 0 0 0 —Xi 


CX2 

0 —X3 0 CX2 0 


Xo 

0 X2 -X3 Xo CX2 


3^3 

0 

0 

to 

0 

0 


\-X2j 


Proof. A homogeneous polynomial / G S' belongs to U C) if and only if it belongs 

to I{L^^^) = {x2, and vanishes on C. Consider the subalgebra R = k[xo,X2,X3] of S. 
For / G 0^6 can write: 

f = fi + g with fi G Rxl + RX2X3 + Rxl and g G XiI{L^i'^). 
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/i can be identified with the restriction of / to the plane {xi = 0} D C. / vanishes on C 
if and only if f\ belongs to : 

Rq 2 n {Rxl + RX 2 X 3 + Rxl) = {Rx 2 + Rx^)q 2 ■ 

One dednces that U C) is generated by the elements from the statement. 

Now, let Wi be the cnrve directly linked to UC* by the complete intersection defined 
by Xzq 2 and XiX^. We assert that: 

I{Wi) = {xqXs, X 0 X 1 X 2 , xixl, xlxs). 

Indeed, let J denote the ideal from the right hand side of the eqnality we want to prove. 
It is easy to check that: 

J ■ U O) C {x^q 2 , Xixl) 

hence J C I{Wi). On the other hand, as we noticed in the last part of the proof of 
Lemma [B.261 J = I(W') where W is the cnrve directly linked to U L 2 U L'^ by the 
complete intersection defined by xqx^ and Since degWi = 4 = degW' and since 

Wi C W' it follows that Wi = W' hence I(Wi) = J. 

As we saw in the last part of the proof of Lemma [8.261 W (hence Wi) is directly linked 
to Li U L[ by the complete intersection defined by XqX^ and XiX^- Since admits a 

resolntion of the form: 


0 


<^p(—4) —)■ 4^p(—3) —>■ 4^p(—2) —>■ 


0 


one dednces, from Ferrand’s resnlt abont liaison, that c/vu' has a monad of the form: 

0 —^ 3^p(-3) —^ 5^p(-2) —^ ^p(-l) —^ 0 

and, then, that admits a resolntion of the form: 

0 —^ ^p(-5) —^ 5^p(-4) —^ 5^p(-3) —^ —to. 

One can easily determine the differentials of this resolntion. □ 

Proposition B.41. Let X be the double structure on the line Li considered at the begin¬ 
ning of Subsection \B.l\ and let C be the conic from Lemma B.fO 

(a) If Xi \ b and I = —1 then I{X U C) = {xqX^ + cx^, Xix^). 

(b) Ifxi\handl>t) then I{X U C) = S (^F 2 + + I{L^^^ U C). 

(c) If Xi \ b then I{X U C) = SX 1 F 2 + I (L^b y ^ 

Proof. Using Lemma IB. 51 one dednces from the exact seqnence : 

V. . 


an exact seqnence: 


0 


0 














0 


xuc 


'Ll' 


- 1 - 2 ) 


where if is the composite morphism: 

<I^xuc — 




V. 


hii-i-2). 
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Moreover, Coker ip is an ^Linc — ^{Po} -module hence — 3) C Im'^ C 

2 ). 

(a) If / = —1 then the condition xi \ b means that 6 = 0, hence F 2 = x^, hence 
I{X) = (xs, xl). It follows that: 

/(X U C) = (xs, xl) n (xi, X 0 X 3 -t- cxl) = 

(Xs, X 0 X 3 + cxl) {Xi, X 0 X 3 -f cxl) = (xqXs + cxl, X 1 X 3 ) . 

(b) If Xl I 6 and / > 0 then F 2 + G /(X U C) (because a(xo, 0)x3 -1- = 

^2)- Since t/’(^-^2 + j = ''7 ^-62 -|-j = 1 G II°(^2.i), one deduces 

that Ip is an epimorphism and that the sequence: 

0 UC)^ /(X U C) S{Li){-l - 2) ^ 0 

is exact. Notice that using this exact sequence one can get a graded free resolution of 
I{XUC). 

(c) We show, hrstly, that: 

Claim. Imip = xi^Li{—J-— ^)- 

Indeed, assume that Imip = 0 ‘l^{—1 — 2). Then, for m » 0, there exists / G H°(j^xuc(^ + 
2 -I- m)) such that ip{f) = x™ G Since ip{f) = rj{f) it follows that: 

/ = 2:^X2 + /0X2 + /1X2X3 + f2xl 

with /o, /i, /2 G Si+rn- On the other hand, since / G + 2 + m)) it follows that: 

/ = + fi'2(a:oa^3 + CX 2 ) 

with gi G Si+m+i and g 2 G S'z+m- Restricting the two different formulae of / to the line 
L 2 of equations xi = X3 = 0 one gets: 

-x™6(xo, 0)x2 + (/o I ^2)2:2 = c{g 2 \ L 2 )xl . 

Since Xi f 6 one has 6(xo, 0) 7^ 0 and this leads to a contradietion. 

It remains that tp factorizes as: 

^XVJC — 3 ) —^ — l — 2 ) 

with Ip' an epimorphism. Since ip'{xiF 2 ) = 1 G one deduces that the sequence: 

0 ^ U C) ^ /(X U C) \ S{Li){-l - 3) ^ 0 


is exact from which the descrition of /(X U C) from the statement follows. Notice, also, 
that using this exact sequence one can get a graded free resolution of J(X U C). □ 
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Proposition B.42. 

(a) Ifxi I b, i.e., 
free resolution: 


Under the hypothesis of Prop. B.fl 


if b = xibi then the graded S-module admits the following 


2S{-3) . 3S{-2) . ^ . 

0-^ © ^ © ^ © ^H°(^xuc)^0 

S{l-3) 2 S{l- 2 ) S{1-1) 


where (5o = (1, xiCi) and 6 i, 62 are defined by the matrices: 


X0X3 + cxl X1X2 X1X3 0 0 

—xo&i —a —b X 2 X 3 


(b) If xi\ b then the graded S-module ii%^xuc) admits the following free resolution: 


/— Xi 

0 

0 \ 

CX2 

- 3:3 

0 

Xq 

X2 

0 

ca 

b 

-3^3 

V 0 

—a 

X2 / 


2S{-3) . 3S{-2) . ^ . 

0^ © ^ © ^ © ^H°(^xuc)^0 

S{1 - 2) 2S{1 - 1) S{1) 


where (5o = (1, ei) and (5i, 62 are defined by the matrices: 


f XqXs + CX2 X1X2 X1X3 0 
y —Xob —Xia —Xib X2 


-Xi 

0 

0 \ 

CX2 

-X3 

0 

Xq 

X2 

0 

CXiO 

Xib 

-2:3 

0 

—Xia 

X2 / 



Proof. One can easily show, as at the beginning of the proof of Lemma [B.401 that I{Li U 
C) = {xqXs + CX 2 , X 1 X 2 , X 1 X 3 ). ©1 U O is directly linked by the complete intersection 
dehned by xqXs + cx^ and 0 : 1 X 2 to the line whose homogeneous ideal is (xq, X 2 ), i.e., to 
the line Using Ferrand’s result about liaison, one gets the following free resolution: 


2S{-3) 


/—Xi 

0 \ 

CX 2 

-X 3 

\ Xo 

X2 / 


> 3^(-2) 


(X0X3 + CX2 , X1X2 , X1X3) 


> /(Li UO) —^ 0 , 


In particular, Li U C is arithmetically CM hence the graded F-module H°(^i^uc) is 
generated by 1 G H°(i^l^uc). 

Now, by Lemma IB. 51 one has an exact sequence : 


0 —;■ Im0 X {0} 

where (j) is the composite morphism: 


^AUC 


^LlUC 




LiUC 




Li 


■yL,/yl ^ . 
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Moreover, Coker 0 is an ^Linc — ^{Po} -module hence — 1 ) C Im0 C 

Notice that: 

(j){xoX 3 + cxl) = XqB , (l)[xiX 2 ) = Xia , (l){xixA) = Xih. 

(a) In this case luicl) = xi& lAI — 1) and one has an exact sequence: 

0 S{LA{1 -1) ^ HO(^xuc) K{^L,v^c) 0 

where the left morphism maps 1 G S{Li) to the element of + 1)) whose 

image into H°(^x(—^ + 1)) © ^ + 1)) is (a^iCi, 0). 

(b) In this case Im0 = ^lAA exact sequence: 

0 S{LA{1) H°(^xuc) ^ 0 

where the left morphism maps 1 G S{Li) to the element of H°(^xuc(~0) whose image 
into H°(^x(-0) © H°(^c(-0) is (ei, 0). □ 

Lemma B.43. Let C C 6e the eonic of equations x^ = xl + cxoX 2 = 0, c G /c\{0}. Put 
qs := xf -|- cxoX 2 - Then I{L^i^ U C) = {X 2 X 3 , x^, x^qA and admits the following minimal 
graded free resolution : 


5(-3) 
0 —^ © 
5(-5) 


f-X3 

X2 

V 0 


-X2q3\ 

0 

X3 j 


A 


2^(-2) 

© 

^(-4) 


I{Lf^ U C) ^ 0 


Proof. Let / = fox^ + f 1 X 2 X 3 -|- f 2 xl be a homogeneous element of Since X 3 

vanishes on C it follows that if / vanishes on C then fox^ vanishes on C hence /o vanishes 
on C hence /o G {X 3 , qs). One deduces that UC) is generated by the elements from 

the statement. 

Now, if W is the curve directly linked to U C by the complete intersection dehned 
by and then I{W) = (xs, X 2 q 3 ) hence W = LiU C. Using Ferrand’s result about 
liaison one gets the graded free resolution from the statement. □ 


Proposition B.44. Let X he the double structure on the line Li considered at the begin¬ 
ning of Subsection \B.l\ and let C <ZF^ be the conic from Lemma B.fS. 

(a) If xf \ b, i.e., ifb = x\b 2 then: 


I{X UC) = S{F2 - cxob2xl) + U C) . 

(b) If Xi \ b but x\ \h, i.e., if b = Xibi with Xi f 61 then: 

I{X UC) = S{xiF 2 - cxobixl) + U C) . 

(c) Ifxi\b then I{X U C) = FggFs + I{L^^^ U C). 


Proof. According to Lemma IB. 51 there is an exact sequence : 


0 




(1), 




A. 


xuc 




- 1 - 2 ) 
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where i/’ is the composite morphism: 





Moreover, Cokeris an ^i^nc-module, hence — 4) C Im'^ C — 2 ). 

Claim 1 . If Imf) = — 2 ) then x\ \ b. 

Indeed, since = 0 (by Lemma [R 43 ]) there exists / G H°(j^xuc(^ + 2 )) snch 

that '?/’(/) = 1 G Since '?/’(/) = rj{f) it follows that: 

f = F2 + fo^l + f 1X2X3 + f2xl. 

On the other hand, / G + 2 )) hence: 

/ = 91X3 + g 2 {xl + CX0X2). 

Restricting the two different expressions of / to the plane H of eqnation X3 = 0 one gets : 

-bx2 + (/o I II)xl = {g2 I II){xl + CX0X2). 

One dednces that g2\ H = X2g2 with g2 G k[xo, Xi,X2] hence: 

-b + (/o I II)x2 = g2{x\ + CXQX2). 

Restricting this relation to the line Li of eqnations 2:2 = X3 = 0 one gets —b = {g'^ \ Li)x\ 
whence the Claim. 

Claim 2 . If xi 0 'lA ~1 ~ 3 ) C Im-^ then Xi \ b. 

Indeed, since = 0 (by Lemma EH]) there exists / G H°(=yxuc(^ + 3 )) snch 

that i>{f) = Xi G H°(^ij(l)). Since i>{f) = g{f) it follows that: 

/ = 2:1^2 + foxl + f 1X2X3 + f2xl. 

On the other hand, / G + 2 )) hence: 

/ = 91X3 + 92^x1 + CX0X2) . 

Restricting the two different expressions of / to the plane H of eqnation X3 = 0 one gets : 

-bxiX2 + (/o I II)xl = {g2 I II){xl + 0x02:2). 

One dednces that g2\ H = X292 with g2 G A:[xo, Xi, X2] hence : 

-bxi + (/o I iL)x2 = 92(^1 + CX0X2). 

Restricting this relation to the line Li of eqnations X2 = X3 = 0 one gets —b = (^f^ | Li)xi 
whence the Claim. 

(a) In this case, F2 — CX0&2T2 = —q'ib2X2 + 0x3 belongs to H°( J^xuc(^ + 2 )) and ip{F2 — 
cxob2xl) = 77(^2 — CX0&2T2) = 1 G H°((^£,J. It follows that ip is an epimorphism and that 
one has an exact seqnence : 


0 
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from which one gets the generators of I{X U C) from the statement. Using this exact 
sequence one can also get a graded free resolution of /(X U C). 

(b) In this case, by Claim 1, Im'^ C xiff On the other hand, xiF2 — cxohix\ = 
—q:ihiX2 + axiX'i belongs to H°(e/xuc(^ + 3 )) axi(iip{xiF2 — cxQhix‘l) = ri{xiF2 —cxobix^) = 
xi G H°(^Lj( 1 )). It follows that V’ factorizes as: 

X^xvjc — 3 ) —^ — 2 ) 

with rfj' an epimorphism and that one has an exact sequence: 

0 ^ U C) ^ I{X U C) S{L ^){-1 - 3 ) ^ 0 

from which one gets the generators of I{X U C) from the statement. Using this exact 
sequence one can also get a graded free resolution of J(X U C). 

(c) In this case, by Claim 2 , Im-^ = - 4 ). ^3-^2 belongs to + 4 )) 

and ip{q‘iF2) = f]{qzF2) = xf ^ H°((^l^( 2 )). It follows that -0 factorizes as: 

^xuc — 4 ) — 4 - — 2 ) 


with -0" an epimorphism and that one has an exact sequence: 


UC) ^ I{X U C) 






from which one gets the generators of I{X U C) from the statement. Using this exact 
sequence one can also get a graded free resolution of /(X U C). □ 


Proposition B.45. Under the hypothesis of Prop. \B.44 
(a) If x\ I b, i.e., 
free resolution: 


if b = xib2 then the graded S-module H°((^xuc) admits the following 


S{- 1 ) 

S{ — 4 ) X ® X X 

0 -^ © ^ 5 (- 3 ) ^ © ^h 0 (^xuc )^0 

2 S {1 - 3 ) 

with 5 o = (1, xfei) and with ( 5 i and 82 defined by the matrices: 

/-X2q3 0 \ 

/ X 3 Xags 0 0\ X 3 0 

\-b2 -a X2 X3J ' -^362 -X3 

\ a X2 J 
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Ki^xuc) 0 


(b) If Xi \ b but x\ \b, i.e., if b = Xibi with Xi \ bi then the graded S-module H°(^xuc) 
admits the following free resolution : 

^(- 1 ) 

S'(—4) X ® X ^ X 

0^ H) A S(-3) © A ■ 

^(/- 3 ) © 5 (/- 1 ) 

2S(l - 2) 

with do = (1, Xiei) and with ( 5 i and 62 defined by the matrices-. 

/-X 2 q 3 0 \ 

3^3 X2q-i 0 0 \ xo 0 

-hi -Xia X2 xo) ' -qsbi -X3 

\ xia X2 y 

(c) If xi\b then the graded S-module H^^xuc) admits the following free resolution-. 

S{- 1 ) 


S{-A) 


0 


52 


5 (- 3 ) 


5 i, 


5 


5 , 


Ov XJO 


Ki^xuc) 0 


S{l-2) © S{ 1 ) 

2 S{ 1 - 1 ) 

with 5 o = (1, ei) and with 5 i and 62 defined by the matrices: 

f-X2qo 0 \ 


X3 X2qz 0 0 

—b —x^a X 2 X 3 J ^ 

\ xia X2 

Proof. One has /(Li U O) = (0:3, X2q‘i) whence an exact sequence: 


xo 0 
-qob -X3 


0 


^(- 4 ) 


-X2q-i\ 

^3 j {X3 , X2q3) 


S{- 3 ) 




Now, by Lemma IB .51 one has an exact sequence: 

0 —Im 0 X { 0 } —^xuc 
where 0 is the composite morphism: 


^LlUC 


(a, b) 


-^LiUC -^ 1 —1) ^ ^Li{l) ■ 

Moreover, Coker 0 is an ^Linc -module hence x\&l .^^{1 — 2) C Im 0 C ^^.^{ 1 ). Notice that: 

0(x3) = 6, (t){x2q3) = xia. 

(a) In this case Imcj) = xl^L i {1 — 2 ) and one has an exact sequence: 

0 ^ ^(Li)(/ - 2) ^ H°(^xuc) ^ 0 
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where the left morphism maps 1 E S{Li) to the element of + 2)) whose 

image into + 2)) © H°(^c'(—^ + 2)) is {x^ei, 0). 

(b) In this case Im^ = — 1) and one has an exact sequence: 

0 5(Li)(/ - 1) ^ Ki^xuc) Ki^L.uc) 0 

where the left morphism maps 1 E S{Li) to the element of + 1)) whose 

image into ^ + 1)) © / + 1)) is [xiCi, 0). 

(c) In this case Im0 = and one has an exact sequence: 

0 ^ S{L^){1) H°(^xuc) ^ ^ 0 

where the left morphism maps 1 E S{Li) to the element of II°(^xuc(~0) whose image 
into H°(^x(-/)) © H°(^c(-0) is (ei, 0). □ 

Lemma B.46. Let C be the conic of equations x^ = XqXi + cx 2 = 0, c G /c\{0}. Put 
q 4 := xqXi + cx^. Then U C) = {x 2 Xs, Xg, x^q^) and admits the following minimal 

graded free resolution : 


^(-3) 
0 —^ © 
^(-5) 


(-X2. 

X2 

V 0 


-X2qf\ 

0 

xz ) 


A 


2^(-2) 

© 

5(-4) 


U C) ^ 0 


Proof. Let / = fox^ + f 1 X 2 X 3 + / 2 X 3 be a homogeneous element of Since X 3 

vanishes on C it follows that if / vanishes on C then /qx^ vanishes on C hence /o vanishes 
on C hence /o G (X 3 , ^ 4 ). One deduces that UO) is generated by the elements from 

the statement. 

Now, if W is the curve directly linked to U O by the complete intersection dehned 
by x| and X2q'4 then I{W) = (X3, X2qi) hence W = LiU C . Using Ferrand’s result about 
liaison one gets the graded free resolution from the statement. □ 


Proposition B.47. Let X he the double structure on the line Li considered at the begin¬ 
ning of Subsection \B. 1\ and let C be the conic from Lemma B .46 
(a) If xqXi I b, i.e., if b = X 0 X 162 then: 


I{X UC) = S{F2 - ch2xl) + U C) . 

(b) //xo I & but xi \h, i.e., if b = xq&o with xi \ Bq then: 

I{X UC) = S{xiF 2 - cboxl) + U C). 

(c) If xi \b but xq f 6, i.e., if b = xibi with xq f then: 

I{X UC) = S{xoF 2 - cbixl) + U C). 

(d) // Xq t & and Xi f 6 then I{X U C) = Sq 4 F 2 + I {L^i'^ U C). 
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Proof. According to Lemma IB. 5 I there is an exact sequence: 




'Ll 


-1 - 2 ) 


0 —> -Amuc —*■ 

where is the composite morphism: 

^Lii-l - 2 ) . 

Moreover, Coker -0 is an ^Linc — ^{Po,Pi} -module, hence — 4 ) C Imi/; C 

i^Lii-l- 2 ). 

Claim 1 . // Im'^ = ^Lii-l — 2 ) then XqXi \ b. 

Indeed, since = 0 (by Lemma [R 46 ]) there exists / G H°(j^xuc(^ + 2 )) such 

that ' 0 (/) = 1 G Since '?/’(/) = rj{f) it follows that: 

/ = -^2 + fo^l + f 1X2X3 + f2x\ . 

On the other hand, / G H°(^c'(Z + 2 )) hence: 

/ = 91X3 + g2{xoXi - 1 - cxl). 

Restricting the two different expressions of / to the plane H of equation 0:3 = 0 one gets : 

-bx2 + (/o I H)xl = {g2 I H){xoXi cxl) ■ 

One deduces that g2\H = X2g'2 with g2 G k[xQ, Xi,X2\ hence: 

-b (/o I H)x2 = glixoxi + cxl) ■ 

Restricting this relation to the line Li of equations X2 = X3 = 0 one gets —b = {g'2 \ Li)xoXi 
whence the Claim. 

Claim 2 . If xiHlA—I — 3 ) C Im-^ then xq \ b. 

Indeed, since = 0 (by Lemma [R 46 ]) there exists / G H°(j^xuc(^ + 3 )) such 

that ' 0 (/) = Xi ^ H°(^2.i( 1))- Since ' 0 (/) = h(/) b follows that: 

f = xiF 2 + foxl -f f 1X2X3 -t- f2xl . 

On the other hand, / G + 2 )) hence: 

f = 91X3 + 92 {xoXi + cxl). 

Restricting the two different expressions of / to the plane H of equation 0:3 = 0 one gets : 

-6x1X2 + (/o I II)xl = {g2 I Lf)(xoXi -f CX2) . 

One deduces that g2\ H = X292 with g2 G k[xo, xi, X2] hence : 

-6x1 (/o I II)x2 = glixoxi + cxl) ■ 

Restricting this relation to the line Li of equations X2 = X3 = 0 one gets —b = (^f^ | Li)xo 
whence the Claim. Similarly, one has: 

Claim 3 . If xo^Li(—/ — 3 ) C Im'^ then xi | b. 
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(a) In this case, F2 — cb^x^ = —5'4&2a^2 + 0x3 belongs to + 2 )) and il){F2 — 

cb2xl) = r]{F2 — 0622^2) = 1 £ It follows that ip is an epimorphism and that one 

has an exact sequence : 

0 UC)^ I{X U C) 5 (Li)(-/ - 2 ) ^ 0 

from which one gets the generators of I{X U C) from the statement. Using this exact 
sequence one can also get a graded free resolution of /(X U U). 

(b) In this case, by Claim 1 , Im'^ 7^ — 2 ). On the other hand, X1F2 — cbox^ = 

—q-iboX2 + axiXs belongs to H°(^xuc(^ + 3 )) and ip{xiF2 — cboxl) = r]{xiF2 — cboxl) = 
Xi G It follows that ip factorizes as: 

— 3 ) —h — 2 ) 

with pj'i an epimorphism and that one has an exact sequence: 

0 UC)^ I{X U C) ^(Li)(-/ - 3 ) ^ 0 

from which one gets the generators of I{X U C) from the statement. Using this exact 
sequence one can also get a graded free resolution of J(X U C). 

(c) In this case, by Claim 1 , Im'^ 7 ^ ^lA-1 — 2 ). On the other hand, X0F2 — cbix^ = 

—qibiX2 + axoXs belongs to H°(^xuc(^ + 3 )) and iP{xqF 2 — cbix\) = r]{xoF2 — cbixl) = 
xo G It follows that ip factorizes as: 

-^Auc — 3 ) —^ — 2 ) 

with -pQ an epimorphism and that one has an exact sequence: 

0 UC) I{X U C) ^(Li)(-/ - 3 ) 0 

from which one gets the generators of I{X U C) from the statement. Using this exact 
sequence one can also get a graded free resolution of /(X U C). 

(d) In this case, by Claims 2 and 3 , Im'^ = xqXi^lP—I — 4 ). ^4X2 belongs to 

+ 4 )) and p{qiF2) = ^{q4:F2) = xqXi G II'’(i^l^( 2 )). It follows that p fac¬ 
torizes as: 

^AUG ^ ^lA -1 - 4 ) ^ ^lA -1 - 2 ) 

with p” an epimorphism and that one has an exact sequence: 

Yp{ih"\ 

0 1 ( 4 ^^ U C) ^ /(X U C) P S{LP {-1 - 4 ) ^ 0 


from which one gets the generators of /(X U C) from the statement. Using this exact 
sequence one can also get a graded free resolution of /(X U C). □ 
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Proposition B. 48 . Under the hypothesis of Prop. 

(a) If XqXi I b, i.e., if b = X0X162 then the graded S-module H°((^xuc) admits the 
following free resolution : 

^(- 1 ) 

^(- 4 ) . © . ^ . 

0 ^ © ^ ^(- 3 ) ^ 

S {1 - 4 ) © S {1 - 2) 

2 S {1 - 3 ) 

with ( 5 o = (1, xqXiOi) and with and 62 defined by the matrices: 

f-X2qA 0 \ 

3^3 X2qA 0 0^ Xs 0 

-62 -a X2 X2,, 


-g4&2 -ai3 
a X2 ) 


(b) If xq \ b but xi \ b, i.e., if b = xq&o with xi f 60 then the graded S-module H°((^xuc) 
admits the following free resolution: 

S{- 1 ) 

S{ — 4 ) e ® X ^ X 

02 r,, Oi _ On 


0 ^ © ^(- 3 ) 

S {1 - 3 ) © S {1 - 1 ) 

2 S{l- 2 ) 


^ 0 , ttO 


m^xuc) 0 


with 5o = (1, XoCi) and with (5i and 62 defined by the matrices: 

/-X2qA 0 \ 

X‘i X2qA 0 0 \ X3 0 

-bo -xia X 2 X 3 J ' -q4bo -X 3 

\ xia X 2 y 

(c) If xi \ b but xo \ b, i.e., if b = xibi with xo \ bi then the graded S-module H°(^xuc) 
admits the following free resolution: 

S{-1) 

S{ —4) X ® X ^ X 

0 ^ @ A, s(-3) © A 

S{1 - 3 ) © S{1 - 1 ) 

2S{1 - 2 ) 

with 5o = (1, TiCi) and with (5i and 62 defined by the matrices: 

f-X2qA 0 \ 




X3 X2qA 0 0 

-bi —XqQ X2 X3 


X3 0 

-qAbi -X3 

\ xoa X2 y 
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(d) If Xq \ b and Xi \ b then the graded S-module ii%^xuc) admits the following free 
resolution : 

^(- 1 ) 


0 


S(y —4) ^ 0 \ ^ X 

"2, Of n\ m "Ov uO/ 


^(-3) ^ 

S{1 - 2 ) © S{1) 

2S{1 - 1) 

with (5o = ( 1 , ei) and with (5i and 62 defined by the matrices: 

(-X2qA 0 \ 

' X 2 , X2qA 0 0\ Xa 0 

-b —XoXia X 2 X 3 J ' —q^b —X 3 

\xoXia X 2 

Proof. One has /(©i U (7) = ( 0 : 3 , X 2 qA) whence an exact sequence: 


0 


7(-4) 


-X 2 qA 

X3 


5(-3) 






0 . 


Now, by Lemma [B. 51 one has an exact sequence : 


0 ;■ Im0 X {0} > ^XVJC 1 ^LiUC —t 0 

where (j) is the composite morphism: 

-^LiUC -^ «^Li -^ — 2^Li( —1) ^ ^Li(0 • 

Moreover, Coker 0 is an ^Linc - ^{Po,Pi} -module hence — 2 ) C Im 0 C 

Notice that: 

cj){x 3 ) = b, 0 (x 2 g 4 ) = xoXia. 

(a) In this case Im 0 = xqXi^lAI — 2 ) and one has an exact sequence: 

0 S{La ){1 - 2) ^ HO(^xuc) ^ 0 

where the left morphism maps 1 G *S'(Li) to the element of + 2)) whose 

image into H°(^x(—^ + 2)) © H°(^c'(—^ + 2)) is (xoXiei, 0). 

(b) In this case Im^ = xq^LiA — 1) and one has an exact sequence: 

0 ^(Li)(/ - 1) ^ Ki^xuc) Ki^L.uc) 0 

where the left morphism maps 1 G *S'(Li) to the element of + 1)) whose 

image into ^ + 1)) ® / + 1)) is (xoCi, 0). 

(c) In this case Im 0 = — 1 ) and one has an exact sequence: 

0 7 (Li)(/ - 1) ^ Ki^xuc) Ki^L.uc) 0 

where the left morphism maps 1 G *S'(Li) to the element of + 1 )) whose 

image into ^ + 1)) © / + 1)) is (xiCi, 0). 
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(d) In this case Im 0 = <^Li (0 one has an exact sequence: 

0 S{L,){ 1 ) H°(^xuc) Ki^L.uc) 0 

where the left morphism maps 1 G S{Li) to the element of ll°(^xuc(~0) whose image 
into H°(^x(-/)) e H°(^c(-0) is (ei, 0). □ 

B. 5 . Union of two donble lines. Let X, X' and X” be double structures on the lines 
Li, L\ and L2, respectively, dehned by exact sequences: 

A -^0, 


(a, b) 




0 ^ 

0 ^ ^ ^L'Sn 0, 

0 —> J^x” —> —t 0, 

where 1 vr" are composite morphisms: 

A, ^A./At-2<?z,.(-l) 

A; ^ - 2<yn(-l) XX , 

— 2^^L3(-1) - - - -^ - 

Putting F2 := —h{xQ,x^X2 + a{xo,Xi)xs, := -b'{x2,X‘i)x + a'{x2, X‘i)xi and F!l := 
—b"{xQ,X2)xi + a"{xo,X2)x3 one has: 

J(X) = (F2, xj, X2X2, xl) , I{X') = (F2, xl, XqXi, xl), 

/(X") = (F", xj, X1X3, xl). 

Recall, also, from the beginning of Subsection IB.li the exact sequences: 

0 


0 

0 


■ - 


h. 


-1 - 2) ■ 

Xl'W - 

-A ^x' 



- 2) 






-^r(l) - 

^2 

A Xx” 



\-l" - 2) 


0 , 

0 . 


The following result is an immediate consequence of Lemma IB.li : 

Lemma B. 49 . = (xg, XqXi^ xl){xl, X2X3, Xg) and the tensor product of the 

complexes : 


(-X3 

0 \ 


f-Xl 

0 \ 

X 2 

-X3 


Xo 

-Xl 

\ 0 

X 2 / 

a 35 ( 2), 2 S( 3 ) 

[ 0 

Xo J 


25 (- 3 ) 

is a minimal graded free resolution of this ideal. 


> 35 (- 2 ) 


□ 
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Lemma B. 50 . With the notation introduced at the beginning of this subsection: 

(a) /// = -1 then I{X U + SX0X1F2 + U 

(b) // / = 0 then I{X U Lf = SX0F2 + SX1F2 + 1 ( 1 ^ U L?^). 

(c) Ifl>l then I{X U Lf = SF2 + U L? ^). 


Proof. Tensorizing by J^./(i) the exact sequence: 

0 ->■ J^AI) -^ — 2 ) —)• 0 

-^1 

one gets an exact sequence: 






AUL' 


'( 1 ) 






0 . 


Lemma [ 6.491 implies that (i)) = 0 for z > 3 . On the other hand, one has 

H°(^^iu^/(i) ( 2 )) = 0 (by Lemma [B.ip hence = 0 . One deduces that: 

ImH°(V^) = 0,>3H°(^i,(-/-2 + z)). 


(a) In this case X is the divisor 2 Li on the plane iL D Li of equation F2 = 0 hence a 
complete intersection. The assertion from the statement follows, now, from Lemma IB . 11 
Notice that, using the same lemma, one can get a minimal graded free resolution of 
J(XULf^). 

(b) In this case one has an exact sequence: 


0 ^ U hf /(X U if^) S{Li)+{-l - 2 ) 0 . 

The assertion from the statement follows noticing that X0F2 and X1F2 belong to I{X U 
Notice, also, that using the above exact sequence one can get a graded free reso¬ 
lution of I{X U (a minimal free resolution of the graded S'-module S'(Li)+ can be 
found in the discussion following Prop. IA. 12 p . 

(c) In this case one has an exact sequence: 

0 ^ U hf ^ I{X U Lf S{Li){-l - 2 ) ^ 0 . 

The assertion from the statement follows noticing that F2 belongs to I{X Notice, 

also, that using the above exact sequence one can get a graded free resolution of /(X U 


Proposition B. 51 . With the notation from the beginning of this subsection, assume that 

I > 

(a) Ifl = —1 {hence V = — 1 ) then I{XUX') = 5x0X2-|-S'xoXiF2-|- 5 x^X 2 -|-UX'). 

(b) // / = 0 and V = -1 then /(X U X') = SX0F2 + SX1F2 + U X'). 

(c) /// = 0 , /' = 0 and kF2 ^ kF^ then /(X U X') = SX0F2 + SX1F2 + U X'). 

(d) // / = 0 , /' = 0 and kF2 = kF^ then /(X U X') = SF2 + U hf ^), t.e., X U X' 

is the divisor 2 Li + 2 L[ on the guadric surface Q of eguation X2 = 0 . 












SPACE CURVES AND VECTOR BUNDLES 


111 


(e) Ifl>l then I{X U X') = SF 2 + I{Lf^ U X'). 

Notice that, by Lemma [B.501 

( SxlF^ + Sx2 X3F^ + SxlF' + U , if /' = -1; 

/(lS^^ U X') = < SX 2 F' + SxsF^ + U Lf , if /' = 0 ; 

Proof. Tensorizing by ^x' the exact sequence: 

0 ^ ^^( 1 ) ^lA-1 - 2 ) 0 

one gets an exact sequence : 


0 —)■ ^ '^vux' —^ — 2) —> 0 . 

Recall, from the proof of Lemma IB.501 that one has an exact sequence : 


[- 1 ' - 2 ) 


Using Lemma [B.49I one deduces that = 0 for i > max(3, I' + 1). 

(a) In this case X and X' are complete intersections hence, by Lemma TB. 11 J(XUX') = 
/(X)J(X'). From the same lemma one can get a minimal free resolution of /(X U X'). 

(b) In this case one has an exact sequence: 


0 —)■ ^ '/vuA' ^Li(— 2 ) —)■ 0 

and = 0 for i > 3. We assert that II°(<yxuA'(2)) = 0. 

Indeed, all the quadric surfaces containing X are nonsingular. X' is the divisor 2L'^ on 
the plane H D L[ of equation F 2 = 0. The intersection of H with a nonsingular quadric 
containing L'^ is the union of L\ and of another (different) line. It follows that no quadric 
surface containing X can contain X'. 

One deduces, now, that one has an exact sequence: 

0 ^ /(lS^^ U X') ^ /(X U X') ,S(Li)+(-2) ^ 0 . 

The assertion from the statement follows noticing that XqF 2 and X 1 F 2 belong to /(XUX'). 
Notice, also, that using the above exact sequence one can get a graded free resolution of 
/(X UX') (a minimal free resolution of the graded S'-module S'(Li)+ can be found in the 
discussion following Prop. IA.12p . 

(c) It follows, from Prop. lR^ that II°(j^xuLi (2)) = kF 2 and that {J^Liux'(“ 2)) = kF^. 
One deduces, from the hypothesis, that H°(j^xux'(2)) = 0. One can use, now, the same 
argument as in case (b). 
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(d) The argument used in case (c) shows that H°(eJ^xux'(2)) = kF 2 = kF^. One deduces 
the existence of an exact sequence : 

0 ^ U X') ^ I{X U X') ^(Li)(-2) ^ 0 

from which the assertion from the statement follows. Notice, also, that using this exact 
sequence one can get a graded free resolution of I{X U X'). 

(e) In this case one has + 2)) = 0 (one takes into account that I > I'). 

One deduces the existence of an exact sequence: 

0 ^ U X') ^ /(X U X') 5(Li)(-/ - 2) 0 

from which the assertion from the statement follows. Notice, also, that using this exact 
sequence one can get a graded free resolution of /(X U X'). □ 

Lemma B.52. = {xs, xiX 2 )‘^ = (a;|, X 1 X 2 X 3 , xfx"^) and admits the following 

minimal graded free resolution: 


S{-A) 
0 —)■ © 
^(-5) 


/-XiX2 

X 3 

V 0 


0 \ 
-XIX2 

X 3 / 


^(-2) 

> 5(-3) 

© 

5(-4) 




Proof. U L^ 2 ^) = {xl, X 2 X 2 , xl) n {xl, X 1 X 3 , 0 : 3 ) = {xl, X 1 X 2 X 3 , x^x^). U is 

directly linked to Li U L 2 by the complete intersection dehned by and x^x^. Applying 
Ferrand’s result about liaison one gets the minimal free resolution from the statement. □ 


Lemma B.53. With the notation introduced at the beginning of this subsection: 

(a) If Xl \ b then /(XU L^ 2 ^) = SX 1 F 2 + /(l[^^ U L 2 )■ 

(b) Ifxi\b then /(X U 4^^) = SxIF 2 + I{L^i^ U 4^^). 

Proof. According to Lemma IB.51 one has an exact sequence : 


0 

where f) is the composite morphism: 






xul: 


( 1 ) 




A 


aul: 


V. 


( 1 ) 




'Ll 


-1 - 2 ) 


'L. 


- 1 - 2 ). 


Moreover, Coker -0 is an (^^^^^(u-module. Since I{Li = {xl, X2, X3) it follows that 

xjipLii-l - 4) C Imfj C ^Lii-l - 2). 


Claim 1. Im-^ C a:i^Lj(—/ — 3). 
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Indeed, assume that Im-^ = / —2). Since, by Lemma [B.521 = 0 there 

exists / G (Z + 2)) such that V’(/) = 1 G Since '0(/) = h(/) it follows 

that: 

/ = -^2 + fox\ + fiX 2 X 3 + /2X3 . 

On the other hand, since / G one has: 

/ = 9oxi + 91X1X3 + g2xl. 

Comparing the two different expressions of / one deduces that each monomial appearing 
in F 2 := —b{xo,Xi)x 2 + a{xo,Xi)x 3 must be divisible by one of the monomials x^, X 1 X 3 , 
xl, X2X3, x\. It follows that x\ \ b and xi \ a which is not possible because a and b are 
coprime. 

(a) In this case b = Xibi hence X1F2 = —bix\x2 + 0x3X3 belongs to I{X U L^^). Since 

'iIj{xiF 2 ) = r}[xiF 2 ) = Xi G one deduces, taking into account Claim 1, that -0 

factorizes as: 

•'xu4« ^ - 3) ^ OlA-I - 2) 

with ijj' and epimorphism and that one has an exact sequence: 

0 ^ U if) I{X U 4 ^^) S{Li){-l - 3) ^ 0. 

Using this exact sequence one sees that I(X is generated by the elements from the 

statement. One can also get, from this sequence, a graded free resolution of this ideal. 

(b) Using the same kind of argument as in the proof of Claim 1 one shows that: 

Claim 2 . If xi \ b then Im.'ip = / — 4 ) {that is, it is not equal to / — 3 )). 

Since x‘lF2 G I{X U and 'tp{x\F2) = rj{x\F2) = xf e one deduces, taking 

into account Claim 2, that factorizes as: 

X ffLA-l - 4) A - 2) 

with xjj" and epimorphism and that one has an exact sequence: 

0 ^ I{L^3^ U 4 ^^) ^ I{X U 4 ^^) S{Li){-l - 4 ) ^ 0 . 

Using this exact sequence one sees that I{X is generated by the elements from the 

statement. One can also get, from this sequence, a graded free resolution of this ideal. □ 


Proposition B. 54 . 

assume that I > I". 
(a) If Xi \b (he., b 


With the notation introduced at the beginning of this subsection, 
= xibi), X2 I b" (i.e., b" = X2b'[) and Ihen- 


) +^a:2F'' + J(4')u4'4 


I{X U X") = s(f 2 F &i(xo, 0 )a:ia ;2 - a(a:o, 0)0:3 + 
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(b) Ifxi I b {i.e., b = xibi), X 2 \ b" (i.e., b" = X 2 b'() and ^ 

i{x u x") = SX 1 F 2 + Sx 2 F^ + /(lS^^ U . 

(c) If Xi \ b and X 2 f b" then: 

I{X U X") = SX 1 F 2 + SxjFf + U . 

(d) If xi\ b and X 2 \ b" then : 

I{X U X”) = SxIF2 + Sx 2 F!f + /(lS^^ U . 

(e) If Xi\b and X 2 f b" then: 

I{X U X") = S (xiF 2 + b{xo, 0 )x,X 2 + + SxlFf + /(l(') U L^) . 

Proof. From Lemma IB.5| one has an exact sequence: 


0 —)■ 

with f) the composite morphism: 


UA" 




AUA 




A 







By Lemma [B.53I : 


I{L\ 


U X") = 


\5x2F" + J(4')uL«), 


Now, fj can be also written as a composite morphism: 


if X 2 I b" ; 
if X 2 t b" . 


^XUX" - > P^X\JL2 — 2 ) 

with fj the composite morphism e^xuL 2 ^x —^ — 2). By Lemma IB.5I again, 

one has an exact sequence : 

0 —>■ ^xy^x" —> -^x\jL2 ^L2{^") 

where 0" is the composite morphism: 

-^AUL 2 -^ ^ ^L 2 {^'') ■ 

By Prop. IB.IOI one has: 


/(XUL 2 ) 


{F 2 , X2X:i, x% xixl) , ifxi|6; 

{X1F2, X2X‘i, xl, xixl), \ixi\b. 
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Recalling, from the beginning of this subsection, the defintion of tt" one gets: 

(j)"{F 2 ) = -bi{xo, 0 )x 2 a'' + a{xo, 0 ) 6 " , if 6 = xibi , 
(j)''{xiF 2 ) = - 6 (xo, 0 )a; 2 a" , if aii f 6 , 

(j)''{x2X'i) = X2b '', ^"(xg) = 0 , (j)''{xix^ = x\a" . 


Claim 1. (i) If xi\b then xi^Li{—1 — 3 ) C Im'^ C — 2). 

(ii) If xi\b then xl^Li {—I — 4) C C xi 

Indeed, in case (i) b = xibi hence X 1 F 2 belongs to I{X C I(XUX") and V’(a^i-F 2 ) = 

r/(xiF 2 )=TieH°(^i,(l)). 

In case (ii), it follows from the proof of Prop. IB. 101 that Irmjj = xx^lA—I — 3) hence 
Im'^ C / — 3). On the other hand, by Lemma [B. 51 Coker is an //-module. 

Since I{X") = {F^, xf, X 1 X 3 , Xg) one deduces that — 4 ) C Im-^. 


Claim 2. // xi | 6 

6" = x,K) and Igf 


(he., if b 

_ b'l (a:o,0) 
a"{xofl) ■ 


X 161 ) and Im'ip 


G‘lA~^ ~ 2 ) then X 2 \ b” (he., 


Indeed, if Im -0 = ^lA-1 — 2) then, for m >> 0, there exists / G }l^{J^xux”A + 2 -|- m)) 
such that Aif) = x^ e H°(^ij(m)). Since / G H°(j 05 fuL 2 (^ + 2 -|- m)) and Aif) = Aif) 
it follows that: 

/ = -t- /0X2X3 + /iXg -f- /2X1X2 . 

On the other hand, 0"(/) = 0 hence: 


-x'Abi{xo, 0 )x 2 a" -f- x™a(xo, 0)6" -h (/o | L 2 )x 2 b" -h (02 | L 2 )x\a'' = 0 . 


Since Xi | 6 and a and 6 are coprime it follows that Xi f a hence a(xo, 0) A 0- deduces, 
now, from the last relation, that X 2 | 6 ", i.e., 6 " = X 26 " and then that: 

(x™a(xo, 0) -h (/o I L 2 )x 2 )b'[ = (x™6i(xo, 0) - (02 | L 2 )x 2 )a ''. 

Since a" and 6 " are coprime it follows that there exists g G fc[xo,X 2 ] such that: 

x™a(xo, 0 ) -h (/o I L 2 )x 2 = ga", 

x™ 6 i(xo, 0 ) - ( 021 L 2 )x 2 = gb'[ . 


Restricting these two relations to the line Li of equations X 2 = X 3 = 0 and then dividing 
the second relation by the hrst one one gets . 

Claim 3. // xi f 6 and Im^ = xi^Li{—1 — 3) then X 2 f 6". 

Indeed, if Im 0 = xi ^lA-1 — 3) then, for m » 0, there exists / G }l^{J^xux"A+ ^ + 1 x 1 )) 
such that Aif) = x^Xi G H°(^L^(m 1)). Since / G H°(j 0 yuL 2 (^ + 3 -h m)) and 0(/) = 

0 (/) it follows that: 

/ = X™XiF2 /0X2X3 - 1 - /iXg /2X1X2 . 
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On the other hand, (p"{f) = 0 hence : 

—x'^b{xo, 0)x2a'' + (/o I L2)x2b" + (/2 | L2)x\a'' = 0 

from which one deduces that: 

(/o I L2)b'' = {x^b{xQ, 0) — (/2 I L2)x2)a" . 

Restricting the last relation to the line Li of equations X2 = x^ = 0 one gets: 

a;™6(a;o, 0)a"(a;o, 0) = fo{xo, 0, 0, 0 )b'\xo, 0). 

Since xi \ b one has 6 (a;o, 0 ) ^ 0 . If one would have X2 \ b", which is equivalent to 
b”{xo, 0 ) = 0, it would follow that a"(a;o,0) = 0, i.e., that X2 \ a" which would contradict 
the fact that a" and b" are coprime. It thus remains that X2 \ b". 

(a) Let us put; 

$ := F2 + bi{xo, 0 )xiX 2 - a{xo, 0)0:3 + F” . 

One has: 

^2 + &i(3:0,0)0:10:2 -a(o:o, 0)0:3 e (0:10:3, 0:10:2) C I{Li U , 

61(0:0, 0)0:10:2 - a(o:o, 0)0:3 + = 

= 0)0:10:2 - a"(o:o, 0)0:3 + F2 ) e (3^22:3, 3:10:2) C U L2) . 

It follows that <h G I{X U X") and that = ?7(<h) = ri{F2) = 1 G One 

deduces the exactness of the sequence : 

0 ^ /(lS^^ U X") I{X U X") ,S(Li)(-/ - 2 ) 0 . 

This implies that I{X UX") is generated by the elements from the statement. Using this 
exact sequence one can also get a graded free resolution of /(X U X"). 

Notice, also, that, as a consequence of the above relations: 

3^1 (61(0:0, 0)0:10:2 - a(o:o, 0)0:3 + -^2^ j e (3:10:20:3, 0:10:2) C U L^^^) 

hence X1F2 = 0:1$ (mod U ^2^^)). 

(b) It follows, from Claim l(i) and Claim 2 , that Im'^ = Xii^L^{—l — 3 ) hence ip 

factorizes as: ^ 

-^XVJX” — 3 ) —h — 2 ) 

with Ip' an epimorphism. Since : 

x^F 2 = -bxx\x2 + 00:10:3 G /(X U 4 ^^) c /(X U X") 

and since ■^(0:1X2) = ^{^1^2) = Xi & H°(^i^(l)) it follows that ■^'(0:1X2) = 1 G II°(^2.i) 
hence the sequence: 

0 U X") ^ /(X U X") ,S(Li)(-/ - 3) ^ 0 . 



SPACE CURVES AND VECTOR BUNDLES 


117 


is exact. One deduces that I{X U X”) is generated by the elements from the statement. 
One can also get, using this exact sequence, a graded free resolution of /(X U X”). 

(c) The argument for case (b) works verbatim for case (c), too. 

(d) It follows, from Claim l(ii) and Claim 3 , that Im-^ = — 4 ) hence "0 

factorizes as: 

— 1 — 4) — 4 - — 2 ) 

with - 0 " an epimorphism. Since X1F2 G I{X)I{L'^^) C /(X U X") and since 'ifj{xiF2) = 
r]{x\F2) = x\ E H°((^l^( 2)) it follows that '0"(a;fF2) = 1 G hence the sequence: 

0 ^ U X") J(X U X") \ S{Li){-l - 4 ) 0 . 

is exact. One deduces that /(X U X") is generated by the elements from the statement. 
One can also get, using this exact sequence, a graded free resolution of /(X U X"). 

(e) Put T := X1F2 + b{xo, 0 )xiX 2 + 2:2X2'. One has : 

X1F2 + b{xo, 0 )a;ia ;2 G (0:10:3, 0:1X2) C /(Li U L ^2 ^), 

6(Xo, 0)XiX2 + ^^^X2F2 = 

= b''{Z% 0 )xiX 2 + X2F”) G (X2X3, X1X2) C U L2 ). 

It follows that T G /(X U X") and that ' 0 (T) = 77(4/) = ri{xiF2) = Xi G II°((^l^( 1 )). 
Taking into account Claim l(ii), one deduces that "0 factorizes as: 


^xux" — 3 ) —^ — 2 ) 

with 0' an epimorphism and that the sequence: 

0 ^ U X") ^ /(X U X") \ S{Li){-l - 3 ) ^ 0 . 

is exact. It follows that /(X UX") is generated by the elements from the statement. One 
can also get, using this exact sequence, a graded free resolution of /(X U X"). 

Notice, also, that, as a consequence of the above relations: 

Xi (^6 (xo, 0 )xiX 2 + ^^g^XsX"^ G (X1X2X3, xjxl) C U 

hence X1F2 = xiT (mod I{Lf^ U ^2^^)). □ 


Corollary B.55. Under the hypothesis of Prop. \B. 54 \ X U X" is locally complete inter¬ 
section in the cases (a) and (e) and it is not locally complete intersection in the other 
cases. 


Proof. We cut X U X" with the plane hf C of equation xi — X2 = 0 . H f] {X U X”) 
is a 0 -dimensional subscheme of length 4 of H, concentrated at Pq- The composite map 
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k[xQ,Xi,x^ ^ S ^ S{H) is bijective and allows one to identify S{H) with k[xQ,Xi,X 3 \. 
Under this identification, the restrictions to H of the generators of U are: 

2 I JT 2 I TT 2 2 2 I TT 4 

x^\n = ^3 , X1X2XS I XI = XiXs , X1X2 \xi = Xi. 

(a) Using the notation from the proof of Prop. IB.Sdf ah one has $ | if = P2 | hf = 
a(a:o, 0)0:3 (mod (xi, xs)^). It follows that the 1-dimensional scheme if fl {$ = 0} is 
nonsingnlar at Pq. Since if H (X U X") is a snbscheme ofiin{$ = 0} one dednces that 
it is locally complete intersection in H hence X U X" is locally complete intersection at 

Po- 

(b) One has X1F2 | if = a(xo,0)xiX3 (mod (xi, X3)^) and X2X2M= 0 .”{xq,Q)xiX^ 
(mod (xi, X3)^). Moreover, as we saw above, Xg | if = Xg and X1X2X3 | if and XgX^ | if 
belong to (xi, X3)^. Using [13 Chap. I, Ex. 5.4(a)] (in that exercise one has eqnality if 
and only if Y and Z have no common tangent direction at P) one dednces that ifn(XUX") 
is not locally complete intersection in if. 

(c) X 1 F 2 I if = a(xo, 0)xiX3 (mod (xi, X3)^) and X 2 F 2 \ H ^ (^^i; 2:3)^. 

(d) x\F 2 e (xi, X3)^ and X 2 F 2 \ H = a"(xo,0)xiX3 (mod (xi, X3)^). 

(e) Using the notation from the proof of Prop. IB.54l eh one has: 

'h I fi = -6(xo, 0) (x? - 0:1x3) (mod (xi, X3 )"). 

If U C if (resp., Z C if) is the effective divisor of eqnation (4/1 if) = 0 (resp., x| = 0) it 
follows, from the above mentioned exercise from Hartshorne’s book, that the intersection 
mnltiplicity of Y and Z at Pq is 4. Since if H (X U X") is a snbscheme of X fl Z of degree 
4 concentrated at Pq one dednces that if n (X U X") is locally complete intersection in 
if hence X U X" is locally complete intersection at Pq- n 

Remark B.56. Under the hypothesis of Prop. IB.541 recall the exact seqnences: 

1 III 

0 -^ ^ , 0 ->■ J^LiVjX" -^ -^LiUL2 -^ ^L2{P) ) 

where 0 and 0" are the composite morphisms: 

-^LiUL 2 -^ ^ ^lX) , Z^LiUL2 —^ ^L2 —^ ^L2{P) ■ 

One dednces an exact seqnence: 

0 —)■ J^xvjx" —t J^LivjL2 ^lX) ® ■ 

Moreover, since f(i7i U L 2 ) = (X3, X1X2) and since: 

0(X3) = b , 0(XiX2) = XiO , 0"(X3) = 6" , 0"(XiX2) = X2a" , 

it follows that if xi | 6 (resp., X2 | b") then 0 (resp., X) factorizes as: 

^LiuL 2 ^ ^lX - 1) ^ ^lAI) (resp., ^x,uL 2 ^ ^ 12 ( 1 " - 1) ^ ^ 12 ( 1 ") • 
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(a) \i Xi\h (i.e., b = Xibi), X 2 \ b" (i.e., b” = X 2 b'{) and then one has 


an exact sequence: 


a(a;o,0) a"(xQfl) 


t 0 • 


. , ^ ^ (a"(a;o,0),-a(a;o,0)) 

U —)■ J^xyjx" —t J^Li\jL2 -1 ® - 

(b) \ixi\b (i.e., b = Xibi), X 2 \ b" (i.e., b" = X 2 b'[) and 7 ^ 

an exact sequence: 


0 —)■ c/xux" —t J^LiuL2 > ® —> 0 

^L,(/" - 1) 

(c) If Ti I 6 and X 2 \ b” then one has an exact sequence: 


A)"] 

0 —> <yxux" —> <^LiuL2 -1 © —> 0 

^L.(/") 

(d) \i xi\b and X 2 \ b" then one has an exact sequence: 


,0") ^ii(0 

0 —)■ J^xux" —t J^LiuL2 -1 © —)■ 0 

^L.(/"-l) 

(e) \i xi\b and X 2 \ b” then one has an exact sequence : 


y4’"j (6"(a;o,0), —6(a;o,0)) 

0 —)■ J^XVJX" -1 b^LiUL2 -^ ^ ^{Po}Q' © ^ + 1) —)■ 0 . 

^L2{n 

Indeed, in case (a) let if C be the plane of equation 0:3 = 0. Coker (0i, 0") is 
concentrated in Pq and coincides with the cokernel of the morphism: 


'H 


(-1) © ^rf(-2) 


61 a 
b'{ a” 


> (/"-!) 


hence with the cokernel of the morphism; 

fbi a X 2 0 
\b'! a" 0 xi, 

© <^p(~2) ® iffnil — 2) ® ffnil” — 2) - > ^h{1 — 1) © — 1) 
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The cokernel of the last morphism is annihilated by Xihi, Xio, X 2 b'l, X 2 a". Since bi and a 
(resp., b'l and a”) are coprime one deduces that Coker (0i, 0") is annihilated by xi and 
X 2 hence it is an ^{Po} -module. It follows that the sequence: 


0 

^{Po}(“2) 


/6i(a;o,0) a(a;o,0)\ 

IMTxojO) a''(xo, 0 )) ^{Po}y^ 

- -4 © 

4po}(/" 


1 ) 

1 ) 


Coker (0i, (j)"] 


is exact and assertion (a) follows. 

The assertions (b)-(e) can be proven similarly. 

Recall, now, that the graded S'-module (resp., is generated by 1 and 

by an element Ci G H°(^x(—0) (resp., e" G 

Proposition B.57. Using the notation introduced at the beginning of this subsection, 
assume that I < I". Define ai, bi, b 2 , a'fi b” and b'^ by the relations: 


a = a{xo, 0 ) + aiXi , b = b{xo, 0 ) + 61 X 1 , bi = 61 (xq, 0 ) + b 2 Xi , 
a" = a''{xo, 0 ) + a"x 2 , b” = b"{xo, 0 ) + b"x 2 , b" = b'[{xQ, 0 ) + 62 X 2 • 


(a) If Xi \ b, X 2 \ b” and then the graded S-module admits 

a free resolution of the form: 


S{-3) 


4 - 1 ) 


5 


© r S[ — 2) A ® A 

0 ^ 5(/ - 3) A © A ^(/ - 1) A Bffiffxux") ^ 0 


S{U - 4) 


2 ^(/- 2 ) 

© 

2S{r - 3) 


s{r - 2 ) 


with 5o = ( 1 , XiCi + 3 : 261 , xle'l) and with (5i and 62 defined by the matrices: 


^3 

X 1 X 2 

0 

0 

0 

—bi —a 

X 2 

X 3 

0 

-b” 

—a'[ 

a"{xQ,0) 

a(a;o,0) 

0 

Xi 


( 


-X2b'o - 


-XIX2 

X 3 

-xibi 

a 

II a''(xo,0) 


a(xo,0) 


bi 


"1 


0 

0 

-2^3 

X2 

0 

g" (a;o,0) 
a(xo,0) 


0 \ 
0 
0 
0 

-X3 

Xi j 
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(b) If Xi \b, X 2 \ b” and 7 ^ then the graded S-module H°(^xuv") admits 

a free resolution of the form: 

S{-1) 

S{-3) © S 

© . ^(-2) © 

0 ^ 5(/ - 3) A © A 5(/ - 1) A H°(^XUX") ^ 0 
© 2S{l-2) © 

S{1" - 3) © S{1" - 1) 

2S{1'' - 2) 

with (5o = (1, TiCi, X 2 e'() and with (5i and S 2 defined by the matriees: 


0 0 \ 

0 0 

-T3 0 

X2 0 

0 -xs 

0 xi J 

(c) If Xi\b and X 2 \ b" then the graded S-module H2(^xua") admits a free resolution 
of the form: 

S{-1) 

S{-3) © S 

© r >S'(—2) A ® A 

0^ S{1-3) ^ © A ^(/ - 1) A H2(^xua") ^ 0 

© 2S{l-2) © 

S{1" - 2) © S{1") 

2S{1" - 1) 

with (5o = (1, TiCi, e'{) and with (5i and S 2 defined by the matriees: 


0 0 \ 

0 0 

-xs 0 
X2 0 
0 -Xz 

0 xi J 



0 0 0 0 
T2 Ts 0 0 

0 0 xi Xz, 


(-XIX2 

Xz 

-xibi 

a 

—X2b" 

V X 2 a" 


Xz 

X1X2 

0 

0 

0 

-bi 

—a 

X2 

Xz 

0 

-b'i 

—a" 

0 

0 

Xl 


(-X 1 X 2 

Xz 

-xibi 

a 

-X2b'l 
\ a" 
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(d) If Xi\ b then the graded S-module H°(^xua") admits a free resolution of the form: 

Si-1) 

Si-3) © S 

© r Si -2) A ® A 

0 ^ - 2) A © A Sil) A H°(^XUX'0 ^ 0 

© 2S'(/ -1) © 

Sil" - 3 ) © Sil" - 1 ) 

2Sil" - 2) 

with (5o = (1, ei + a ", X 2 e") and with 5i and 62 defined by the matrices: 


( 


X 3 

XIX 2 

-b 

—xia 

-b'i 

—a" 


0 

X2 

b"(xo,0) 

b(a;o,0) 


0 0 0 

X3 0 0 


-X2b" 


-X 1 X 2 

—xib 

x\a 

// _ b"{xo,0) ^ 


b{xofi) 


V 


a 


0 

0 

-X 3 

X2 

0 

b"{xo,0) 


b{xo,0) 


0 \ 
0 
0 
0 

-3^3 
Xi j 


Proof. By Lemma IB. 51 one has an exact sequence : 

0 —> {0} X Im0" — y ^xux" — > ^xuL2 —^ 0 
where 0" is the composite morphism: 

-^AUL2 -^ ^L2 -^ ^L2il") ■ 

According to Prop. IB. 101 one has: 

/(X U ©2) = I ’ if I ^! 

]^ixiF 2 , X 2 X 3 , xl, xixl), ifxitfc. 
Taking into account the dehnition of n" one gets: 


4>"iF2) = -5i(xo, 0)x2a" + a(xo, 0)6" = 

= aixo, 0 )b"ixo, 0) + (-61 (xo, 0)a"(a;o, 0) + a(xo, 0)6"(a;o, 0)) X2+ 

+ (-61 (xo, 0)a" + a(a;o, 0)62) x\, if xi | 6 , 

(j)"ixiF2) = —6(a;o, 0)a;2a" = —6(a;o, 0)a"(a;o, 0)a;2 — 6(a;o, 0)a"a;2 , if Xi f 6, 

(j)"ix 2 X^) = X 2 b" , (j)"ix\) = 0 , (j)"ixix\) = x\a" . 


We shall identify the element ci of (resp., e" of H°(i^x")) to the element (ei,0) 

(resp., (0, e")) of R^i^x) © Using the exact sequence : 

0 —H°(^xua'') —^ ^ ii^i^xnx”) 

and taking into account that X fl X" is concentrated at Pq one deduces that if an element 
eof has the property that xjff belongs to R^i^xux") for some m > 0 

then ^ itself belongs to R^i^xux")- 
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Finally, let us recall that Prop. IB. Ill provides a graded free resolution for H°(i^xuL 2 )- 

(a) In this case Im 0" = xlffL 2 {l" ~ 2). By Prop. IB.llf ah the graded S'-module 
H°((^xuL 2 ) is generated by 1 and by xiCi G H°(^xuL 2 (“^ + !))• Since I < I” it follows 
that H^((lni0")(—/ + 1)) ~ — I — 1)) = 0. One deduces an exact sequence: 

(B.3) 0 ^ SiL^W - 2) ^ H°(^xuL2) 0 

where the left morphism maps 1 G S{L 2 ) to x^e" G }l^{^xux''{—l" + 2)) (identihed, as 
we assumed above, to the element ( 0 ,a; 2 e'/) of ® H*(^x"))- 

Claim 1. xfei belongs to H°(^xua")- 

Indeed, since xiCi belongs to H°(^xuL 2 )! there exists an element of H^i^xux") of the 
form XiCi + /e". Since Xi annihilates e" the claim follows. 

Claim 2. xiOi + belongs to H°((^xua")- 

Indeed, one has in H°(^x) ® : 

X 1 X 2 ■ 1 = axiCi + a"x2e'[ = a{xQ, Qi)xiei + Oix^ei + a"{xQ, 0)a;2e" + a"xle" . 

Since xfei and belong to H°(^xua") it follows that a{xo,0)xiei + a"(a;o, 0)a;2e" 
belongs to H^i^xux") hence: 

a(a;o,0) (xid + ^ '^li^xvjx") ■ 

The claim follows, now, using an observation from the beginning of the proof. 


The assertion from case (a) of the statement is, now, a consequence of the exact sequence 
(IB.dp . of Prop. fB.llf a) and of the following relations in H°(^xua") C H°(^x)®H°((^x'') : 


xg • 1 = fed + h"e'[ = bixici + b'[xie'[ = fei (^xiCi + 

= fei (^xiei + ~ a(So?^2ei + feiX2e" = 

fei (a;iei + - fe"(xo, 0)a;2e" + fe"a;2e" = fei (^xid + + t 

X1X2 ■ 1 = axiei + a"x2ei = a (^XiCi + + a''x2e'l = 

« (^®i + TOT^se'i') - a{xo, 0)^5^0:26" + a"x2e" = a (xid + ^5S^^2e'i') + 

^2 • (xiei + ^i^a; 2 e") = ; xg • (xid + ^^^X 2 e'l) = 0 . 


■"x2e" 


/'^2 // . 




(b) In this case Im(^" = X 2 ^l 2 {^" ~ !)• By Prop. IB.Uf a) the graded 5-module 
H°(i^xuL 2 ) is generated by 1 G H°(i^xuL 2 ) by xiCi G H°(^xuL 2 (“^ + !))• 
deduces, as in case (a), the existence of an exact sequence: 


(B.4) 0 5(L2)(/" - 1) ^ Ki^xvx") K{^xvL2) 0 


where the left morphism maps 1 G S{L 2 ) to X 2 e" G ll^{^xux"{—l'' + !))• One shows, as 
in Claim 1, that x^ei belongs to H°(^xua") and then, as in Claim 2, that XiCi belongs to 
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The assertion from case (b) of the statement is, now, a consequence of the 
exact sequence flB.4p and of Prop. IB.llf ab 

(c) In this case Im0" = One deduces, as in the previous cases, the existence 

of an exact sequence : 


(B.5) 0 ^ 0, 

where the left morphism maps 1 G S{L 2 ) to e" G and the fact that 

XiCi belongs to H^^xux")- The assertion from case (c) of the statement is, now, a 
consequence of the exact sequence fIB.SD and of Prop. IB.llf ab 

(d) In this case Im0" = X 2 &L 2 i}'' ~ !)• By Prop. IB.llf bi the graded S'-moduIe 
H°(^xuL 2 ) is generated by 1 G II°(^xuL 2 ) by ei G H°(^xuL 2 (“ 0 )- deduces, as 
in case (a), the existence of an exact sequence: 

(B. 6 ) 0 ^ S{L2){1" - 1) ^ Ki^xux") Ki^xuL^) 0 

where the left morphism maps 1 G S{L 2 ) to X 2 e'{ G }l^{i^xux"i—l" + !))• One shows, as 
in Claim 1, that xiCi belongs to H^i^xux")- 

Claim 3. ei + belongs to ^l{&xux")- 

Indeed, one has in H°((^x) ® II°((^x''): 


X'i ■ I = hei + h''e'[ = h{xo, 0 )ei + biXiei + b''{xo, 0 )e" + 6 "x 2 e" . 

Since XiOi and X 2 e'[ belong to H°(^xua") h follows that 6(xo,0)ei + 6"(xo,0)e" belongs 
to H°((^xua'') hence: 

+ \(xo,o) ^i) ^ H°(^xua") • 

The claim follows, now, using an observation from the beginning of the proof. 


The assertion from case (d) of the statement is, now, a consequence of the exact sequence 
flB.bp . of Prop. [B.llf bi and of the following relations in H°(^xua") ® : 


X 3 - L- bei + b e^ - b\^ei + j - + b e^- 


b{ei + -6(^e 


6"(a;o,0) ^// 
1 


X 1 X 2 ■ 1 = xiaei + a''x2e'[ = Xia {ei + + a''x2e '[; 

^X2e" ; X3 • {ei + 




b{xo,\ 


fe"Co.o) r.// \ _ n 

b(xo,0) 


□ 


Appendix C. Double structures on a conic 

Let C C be the conic of equations X3 = X0X2 — xf = 0. Put q := X 0 X 2 — xf. Let D 
be a double structure on C, i.e., a locally CM subscheme of P^ of degree 4 with Dred = C. 
According to Ferrand |T5] there exists an exact sequence: 
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where Jf is a line bundle on C and where tt is a composite morphism: 

^ - ^c(-i) e ^c(- 2 ) ^ 

with a G H°(=Sf(l)) and (3 G H°(=Sf(2)). Using the exact sequence: 

AM 

1 \ q ; / (a 6) 

0 —^ - —4 ^c(-i) e ^c(- 2 ) ^ ^ ^ 0 

one deduces an exact sequence: 

0 ^ ^ ^ 0. 

Now, C is the image of the embedding z/ : —)■ P^, u(to : ti) = {t^ : toU : tl : 0). One 

has ^c(l) — p*<^pi(2) and if to, ti is the canonical basis of H°(^pi(l)) then: 

Xo\C = tl, Xi\C = toil, X2\C = t\, Xs I O = 0. 

One has to consider two cases: 


(I) ~ ^c(0 I > —2; 

(II) ~ <^c(0 ® P*^pi(l) with / > —1. 

In case (I) one has an exact sequence: 

0 —> ^c{l) —t ff£, —)■ 0'c —)■ 0 

and one denotes by e G the image of 1 G 11°(^c), while in case (II) one has 

an exact sequence: 

0 —)■ ^ciP) ^ P*^pi(l) —t ^t'l) —)■ —t 0 

and one denotes by e* G H°(^£)(—/)) the image of ti G H°(z/*^pi(l))), i = 0, 1. 

Lemma C.l. admits the following minimal graded free resolution: 


S{-A) 
0 ^ © 
^(-5) 


f-Q 

0 \ 

xs 

-Q 

VO 

xs) 


^(- 2 ) 

© 

> ^(- 3 ) 




S(-4) 


□ 


Lemma C.2. z/*^pi(l) admits the following resolution: 


0 ^ 


- 2 ) 


(-X3 

0 \ 

0 

-X3 

-X2 

-Xl 

\Xi 

Xo / 


- 1 ) 


-X2 -Xi Xo 0 
Xi Xo 0 Xs 


{to,ti) 
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Proof. Let iL C be the plane of equation 0:3 = 0 . One has an exact sequence: 

f-X2 -xO 

. s V ^0 j (to ,ti) 

0 ^ 2^h(-1) ^^ ^ 0 ^0. 

One deduces that the tensor product of the complexes: 

f-X2 -aqA 

I Xi Xq j Tq 

2^p3(—1)- y 2^p3, ^p3(—1) —y ^p3 

is a resolution of r'*(^pi(l). □ 

We treat, hrstly, case (I). In this case, there exist a G k[xo,xi,X2]i+i, b G k[xo,xi,X2]i+2 
such that a = a I O and (3 = b\C. 

Lemma C.3. The morphism vr : J^c —t defined by a = a\C and fi = b\C is an 

epimorphism if and only if a and b have no common zero on C. □ 


Proposition C.4. Keeping the previously introduced notation, the homogeneous ideal 
I{D) of the closed subscheme D of defined by the kernel of an epimorphism vr as in 
Lemma lUT^ is generated by: 


F : = 


a b 
X3 q 


xl, X3q, q^ 


and admits the following graded free resolution: 


0 -^S{-l- 6 ) 


S {-1 - 4 ) 


© 

© 

^H- 5 ) ^ 

^(-2) 

© ^ 

© 

^(- 4 ) 

^(- 3 ) 

© 

© 

^(- 5 ) 

^(- 4 ) 


do 


I{D) 


with di and d2 defined by the matrices: 


^ X3 q 0 0 \ 



b 0 —g 0 


X3 

—a b X3 —q 


-b 

y 0 —a 0 X3 j 


\a ) 


This resolution is minimal for I > 0 but not for I = —2 where I{D) = (xs, q^) and for 
I = —1 where I{D) = {q — bx3, x\). 


Proof. The image of F G + 3 )) by the map: 

^c{l + 3 ) ^ (^c/^c)(/ + 3 ) ~ ^c{l + 2 ) © ffc{l + 1 ) 
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is (—/9, a). It follows that F G H°(c/d(/ + 3)) and that t](F) = 1 G One deduces 

the exactness of the sequence : 

0 /(C'(i)) ^ I{D) S{C){-1 - 3) 0 

and then one uses Lemma fC. 11 □ 

Proposition C.5. Keeping the previously introduced notation, let D be the closed sub¬ 
scheme of defined by the kernel of an epimorphism tt as in Lemma \C.tA Then the 
graded S-module admits the following free resolution: 

S{-1) 

© 

^(-3) . 5(-2) . 5 . 

0 ^ © ^ © ^ © 

S{1 - 3) S{1 - 1) S{1) 

© 

S{1 - 2) 

with ho = (1, e) and with hi and 82 defined by the matrices: 



(-q 

0 \ 

g 0 o\ 

Xo 

0 

-h X3 q) ' 

b 

-q 


\-a 

X3 / 


This resolution is minimal fori > 0 but not for the special cases I = —2 and I = —1 where 
D is a complete intersection. 

Proof. Since the graded S'-module is generated by 1 G one deduces the 

exactness of the sequence : 

0 ^(0(0 ^ 0. 

It suffices, now, to use the following relations in £,): 

Xs • 1 = 77 ( 0 : 3 ) = a = ae , q ■ I = vr(g) = {3 = be . □ 

We treat, hnally, case (II). In this case there exist oq, ai G k[xo,xi,X 2 ]i+i, bo, bi G 
k[xo, Xi, X 2 \i +2 such that: 

oi = (oq I Cfio © (®i I 0)^1 , fi = (fio I C)to + (hi I 0)^1 . 

Lemma C.6. The morphism vr : ^ci}) © P*<^pi(l) defined by a = (oq 10)^0 + 

(ai I 0)^1 and /5 = (ho I C)to + (hi | C)ti is an epimorphism if and only if 

agXo + aiXi, aoXi + 01X2 , boXg + hiXi, hoXi + hiX 2 

have no common zero on C. 

Proof. One uses the fact that a and fi have no common zero on C is and only if ato, ati, 
fito, fiti have no common zero on C. □ 
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Proposition C.7. Keeping the previously introduced notation, the homogeneous ideal 
I{D) of the closed subscheme D of defined by the kernel of an epimorphism vr as in 
Lemma WTR is generated by. 


Fn := 


Oo^o + aiXi boXo + biXi 

xs q 


, Fy.= 


OqXi + aiX2 boXi + biX2 

X 3 q 


, xl, xsg, q^ 


and admits the following graded free resolution : 


0 ^25(-/-6) 


AS{-1 - 5) 
d 2 


S{-A) 
© 

F(-5) 

with di and d 2 defined by the matrices : 


2F(-/-4) 

5(-3) 

© 

5(-4) 


I{D) 


(-X2 

-Xi 

X3 

0 

0 

0 \ 

Xi 

Xo 

0 

X3 

0 

0 

0 

0 

boxo + biXi 

boXi + biX 2 

-q 

0 

-feo 

hi 

— CIqXq — CtiXi 

— QjqXi — CI1X2 

X3 

-q 

\ Oo 

— QjI 

0 

0 

0 

X3 / 


/-X 3 


0 

- 3^3 

-X2 

-Xi 

Xi 

Xo 

-bo 

bi 

\ flo 

-aiJ 


This resolution is minimal for I > 0 but not for I = —1 where the minimal resolution has 
the form 0 ^ F(-5) ^ 4F(-4) ^ S{-2) © 3F(-3) ^ I{D) 0. 


Proof. Recall the exact sequence : 

('-/S'l 

\ a (a B) 

0 ^c'(—/ — 4) © z/*^pi(l)- y © ^c'(—2)- y 0'cil) ® 0 . 

The image of F* G + 4)) by the map: 

^c{l + 4) ^ + 4) ~ ffc{l + 3) © ffc{l + 2) 

is (—/Stj, ati), i = 0, 1. It follows that Fi G + 4)) and that r]{Fi) = U E 

H°(z/*^pi(l)), i = 0,1. One deduces the exactness of the sequence : 

0 ^ ^ /(F) H°(z/,^pi(l))(-/ - 4) ^ 0 

and one uses Lemma IC.ll Lemma IC.2I and the following relations: 

-X 2 F 0 + XiFi = box^q - aoq^ , -XiFq + XqFi = -biXsq + aiq^ , 

X 3 F 0 = -{hoxo + 6 iXi)x 3 + (aoXo + aiXi)x3g, 

X 3 F 1 = -{boXi + 6 iX 2 )x 3 + (ooXi + aiX2)x3q. □ 



















SPACE CURVES AND VECTOR BUNDLES 


129 


Proposition C.8. Keeping the previously introduced notation, let D be the closed sub- 
scheme of defined by the kernel of an epimorphism vr as in Lemma \ C.(A Then the 
graded S-module admits the following free resolution: 

S{-1) 

5(-3) . ® X S . 

0 ^ ^ 5(-2) ^ © -^ ^ 0 

2S{1 - 2) © 2S{1) 

AS{1 - 1) 

with 5o = ( 15 Co, ei) and with 5i and 62 defined by the matrices: 

0 0 \ 

0 0 

-X3 0 

0 -X2, 

-X2 -Xi 
Xi Xq ) 

This resolution is minimal for I > 0 but not for I = —1 where the minimal free resolution 
has the form 0 —)• 3S'(—3) —> 5S{—2) —> S © 5'(—1) —> —)■ 0. 


X 3 q 0 0 0 0 

-ao -60 -X 2 -xi X 3 0 

—ai —bi Xi Xq 0 X 3 


-Q 

X 3 

a^XQ + ttiXi 
— OqXi — O1X2 

bo 

hi 


Proof. One uses the exact sequence : 

0 —> H°(z/,^pi(l))(/) —> ^ 0 

and Lemma IC. 2 I In order to determine the remaining entries of the matrix of ( 5 i one uses 
the following relations in H°(^£)) : 

X3 • 1 = 7 r(x 3 ) = a = aoeo + oiCi , q-I = vr(g) =13 = boCo + biCi, 

and in order to determine the remaining entries of 62 one uses the matrix relations: 

f-X2 -xA f-xo -xA fao\ ^ fq qao\ 

Xi Xo y \ Xi X2 J \ai) \^0 qj \ai J \qai) 
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